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Chapter 1

Introduction
1.1

Preface

The subject of this Ph.D. thesis is an examination of the internal degrees of freedom in excitonpolariton condensates. An exciton-polariton condensate is a phenomenon of macroscopic, coherent occupation of a single quantum state by quasiparticles called exciton-polaritons. These
particles are combinations of photons and excitons in a semiconductor. Most often experiments are implemented in semiconductor microcavities with exciton-trapping quantum wells.
The excitation light is incident on the microcavity, and in quantum wells, where interaction
between photons and excitons is intense enough, the so-called strong coupling occurs, i.e. the
decoherence times of photons and excitons are longer than the inverse frequency of their coupling.
Photon is a bosonic particle and, to a good approximation, excitons are also bosons. Therefore exciton-polariton particles obey Bose-Einstein statistics and can transit into a condensate
phase (or a Bose-Einstein condensate). Bose-Einstein condensate is a state of macroscopic
occupation of the lowest state, which is a fundamental quantum feature of bosons. Theoretical
formulations of the condensation phenomenon formed in the 1920s had to wait over 70 years
for an experimental confirmation. Numerous failures were due to the requirement of cooling a
dilute atomic gas to a very low temperature. To utilize quantum condensate in practice, the
search for other systems, i.e. condensation of composed bosons, like excitons, started independently. The best results have been obtained with exciton-polaritons in a solid state that can
transit into a condensate at a much higher temperature in comparison to atomic condensates.
Nevertheless, the phase transition can only occur under certain conditions. In the case of the
1
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traditional Bose-Einstein condensation, a highly diluted gas has to be cooled to an extremely
low temperature (temperature of the order of micro Kelvins), while in the case of polaritons,
it has to be kept at low temperature (of the order of few Kelvins) and its particle density can
be increased. In practice, this means illuminating a sample with a laser with an appropriate
wavelength and power. Most often the so-called non-resonant condensate generation method
is used, in which the condensate coherence occurs spontaneously.
In atomic condensates, there exist a very good exact mathematical description, while for
polaritons, due to the fact that condensation takes place in a solid, and the resulting variety
of different physical processes, a phenomenological model, based on the Bose-Einstein condensation theory, has to be used.
This thesis presents a theoretical description of polariton condensates, but it is necessary
to mention a little about the samples, where all the physics occurs.
Typically, planar hetero-structures systems are used, that are obtained in the process of
molecular beams epitaxy (MBE) or metal-organic vapor phase epitaxy (MOVPE). The epitaxy
consists of sputtering one material on another. To prevent the formation of polycrystalline and
amorphous layers with many defects, a difference of at most a few percent in the materials’
lattice constants has to be maintained. A simple quantum well can be obtained with the
usage of two different materials with different energy gaps and different relative positions of
the conductivity and valence bands. A thin layer of material with a lower energy gap has
to be sandwiched between layers of material with a greater energy gap, creating a potential
well. The thickness of the semiconductor layer with the lower energy gap has to be chosen to
be comparable to the Bohr radius of the exciton so that holes and electrons become trapped
in the quantum well. Movement of the carriers in the direction of sample growth is limited,
while in the plane it remains free. All in all, excitons effectively become two-dimensional
particles. Moreover, the binding energy of the exciton in the quantum well rises up to 4 times
in comparison to a bulk exciton, which makes it much easier to observe effects related to the
physics of excitons.
Basics of epitaxy methods and properties of excitons in 2D structures are very well presented
in Epitaxy of Semiconductors by Udo W. Pohl.

1.2

Description of Chapters

This thesis is divided into 5 chapters, from which the main content is in Chapters 2, 3, and 4.
Chapter 2 goes through the introduction of light and matter interaction via description of
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exciton-polariton particles, Bose-Einstein condensates basics, and finishing with the introduction of Exciton-polaritons condensates. It firstly discusses light-matter coupling, emphasizing
the strong coupling regime. Then, the chapter focuses on excitons in semiconductors. Detailed quantum description of excitons is presented and the fact that they can be treated as
bosons in certain limits and thus obey the Bose-Einstein statistics. Finally, the fundamental
Bose-Einstein condensation concepts are shown, which mathematical description is the basis
of the description of exciton-polaritons. The methods of generation of polariton condensates
are demonstrated at the end.
The main purpose of this thesis is the investigation of the role of internal degrees of freedom in non-equilibrium exciton-polaritons systems. In Chapters 3 and 4, the results of original
research on additional degrees of freedom that play a significant role in exciton-polariton condensates are presented.
Chapter 3 discusses the spin as an internal degree of freedom. In order to visualize the
spin, it briefly introduces the physics of a system with a semimagnetic semiconductor to show
the role of spin in the system. Then, stability analysis for fully and partially spin-polarized
condensate is presented through numerical simulations, and a confirmation of the analytical
calculation using the Bogoliubov method. Under a magnetic field, in the condensate, a selflocalization phenomenon occurs, i.e. polaron formation, while with the spin as an additional
degree of freedom, it generates lattices of alternating polarons. The results of this Chapter
were published in two research articles
• Paweł Miętki and Michał Matuszewski, Magnetic polarons in a nonequilibrium polariton
condensate, Phys. Rev. B 96, 115310 (2017),
• Paweł Miętki and Michał Matuszewski, Spontaneous formation of spin lattices in semimagnetic exciton-polariton condensates, Phys. Rev. B 98, 195303 (2018).
In Chapter 4, unpublished research results are presented. The influence of an excitonic
reservoir is considered, which as a separate resource can be treated as a degree of freedom.
Description of various behaviors of dynamical systems, e.g. chaos, intermittency, and stability,
which are observed in exciton-polariton condensates, are shown. The role of the reservoir and
energy relaxation is analyzed then.
A summary is given in Chapter 5.

4
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Chapter 2

From Strong Coupling to Exciton
Polariton Condensates
The main purpose of this Chapter is to present an overview of considered systems, from coupling of light and matter to polariton condensates in semiconductors. Section 2.1 introduces
basic light-matter interaction and presents a simple model of photons confined in a cavity. Section 2.2 familiarizes the reader with concepts of semiconductor excitons and exciton-polariton
quasiparticles. In Section 2.3 an overview of history and elementary ideas of cold boson gases
are provided. Finally, we discuss exciton-polariton condensates with a particular emphasize on
methods of their generation.

2.1

Light-Matter Interactions

One of the greatest achievements of classical physics was the formulation of Maxwell equations
which describe the dynamics of electromagnetic waves. However, in the context of quantum
mechanics, there was a need to provide quantum description of light and its interaction with
matter. The first approaches to quantum optics were proposed by George Sudarshan, Roy J.
Glauber, and Leonard Mandel in the 1950s and 1960s. They provided a description of coherent
states and the quantum theory of light [35]. It became clear that the dynamics of the radiative
transitions of atoms changes significantly when they were enclosed in a resonator. In 1946,
Edward M. Purcell, considering magnetic resonance, predicted that spontaneous emission rate
should become different after placing an atom in a cavity as compared to vacuum [74]. In
the late 60s, it became possible to study atoms in such resonators, and in the 80s it was even
5
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Figure 2.1: Emitter and Cavity: light is confined between the Bragg mirrors - in the form of a
standing wave with frequency ωc ; atom - the emitter with dipole moment p̂ is described as a
two-level system with transition frequency ωa ; γ is the atom non-resonant decay rate and κ is
the photon leakage coefficient.

possible to observe the interaction of a single atom with a single mode of electromagnetic field.
It was successfully described by the Jaynes-Cummings model, which is one of the foundations
of quantum optics.

2.1.1

Confinement of an Optical Mode

This section presents a simple quantum description of two-level system interaction with light
confined in an optical cavity. The scheme of system is shown in Fig. 2.1. A coherent light beam
with intensity I is incident on a cavity that has only a single resonant frequency. Its dynamics is
then almost reversible, and the emitter (e.g. an atom) inside the cavity can coherently exchange
the energy of excitation with the photon field until coherence is lost. The field damping factor
is denoted with κ and denotes the escape of photons, Ω is the strength of coherent interaction of
the emitter with the cavity mode and γ denotes a nonradiative decay of the two-level emitter.
There are many types of microcavities with different mirror shapes and structure. One of
the simplest realizations of a microcavity is the Fabry-Pérot resonator. It is formed by two
parallel mirrors with a dielectric layer sandwiched between them (Fig. 2.2). The light field
in the optical resonator can form standing waves when its amplitude and phase are recovered

7
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Figure 2.2: The scheme of the Fabry-Pérot resonator. The light is incident onto the cavity at
the angle θ. Waves are reflected and transmitted through the mirrors with the reflectivity R.
The overall transmission of the resonator is Te and its reflectance is Re .
after going back and forth. This happens for the condition

λq =

2Lc n
,
q

(2.1)

where λq is the wavelength in vacuum, Lc is the distance between the mirrors, n is the index of refraction and q is an integer number of half-wavelengths inside the resonator. The
corresponding resonance frequencies ωq are given by

ωq =

2πc
qπc
=
,
λq
nLc

(2.2)

and are separated by the free spectral range

∆ωc = ωq+1 − ωq =

πc
.
nLc

(2.3)

In the case of a real resonator i.e. with non-ideal mirrors and losses, beside standing waves,
there are traveling waves too. Let us consider the Fabry-Pérot resonator with mirrors with the
reflection coefficient R, and a beam incident at the angle θ (Fig. 2.2). The beam incident on
a partially reflecting optical layer causes multiple reflections of light between the two mirrors.
The phase difference between two transmissions (or reflections) is given by [38]

δ=

2π
λ


2nLc cos θ.

(2.4)

For the maximum constructive interference to occur, the phase difference must be a multiplication of 2π
δ = 2πq,

(2.5)
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Figure 2.3: Transmission Te of a loss free Fabry-Pérot etalon as a function of frequency. The
maxima are given for the resonance frequencies ωq and are separated with the spectral range
∆ωc . Due to the energy conservation law Re + Te = 1.

For θ = 0, Eqs. (2.4) and (2.5) result in the (2.1) condition. One can calculate the total
transmitted amplitude by adding all transmitted waves and derive the transmission (Te ) and
reflectance of the loss-free Fabry-Pérot etalon (Re )

Te = Iout /Iout =
Re = 1 − R =

(1 − R)2
(1 − R)2 + 4R sin2

4R sin2 2δ

(1 − R)2 + 4R sin2

δ
2

δ
2

,

.

(2.6a)
(2.6b)

The complete derivations of Eqs. (2.4) and (2.6) are presented in [38]. The transmission is
shown in Fig. 2.3 for different mirror reflectance values.
The distance between peaks are given by the free spectral range ∆ωc Eq. (2.3), and the
bandwidth is determined by[66]
δωc = | ln R|

c
.
nLc

(2.7)

Note that when transmission equals 1, the entire incident beam is transmitted, and nothing
is reflected from the Fabry-Pérot resonance even when the mirror reflectivity R is very close
to 1. This is due to constructive interference inside the cavity, which causes multiple increases
of the intracavity intensity of the radiation. By using high-reflectivity mirrors and adjusting
to the resonance frequencies, that intensity can be increased by 105 or more, thus it is a great
platform for research on light-matter interaction.
Microcavities are also characterized by two parameters: the quality-factor Q and the finesse
F . The quality-factor also known as as Q-factor is defined as the ratio of resonant cavity

9
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frequency to the resonance width or full width at half maximum (FHWM) of the cavity mode

Q=

ωc
.
δωc

(2.8)

It denotes the number of oscillation periods before the stored energy decreases by the factor
of e. Losses can result from absorption, scattering on defects, or the escape of photons from
the resonator due to imperfect reflection at the mirrors.
Finesse describes how narrow the mode peaks are. It does not depend on the cavity length
and is defined as the ratio of free spectral range to the resonance width
√
π R
∆ωc
.
F =
=
δωc
1−R

(2.9)

Weak coupling regime
When the interaction between the atom and the light modes is dominated by damping i.e.
Ω << γ, κ, then in this so-called weak coupling regime the system can be dealt with perturbation theory. Reabsorption of light by the atom can be neglected; a dipole placed in the cavity
emits a photon spontaneously. Rate of this emission depends on the shift of the resonance. At
resonance, the dipole radiation is enhanced but out of resonance it is reduced. Rate of emission
is given by Fermi’s golden rule and the enhancement of spontaneous emission is called the Purcell effect. Via this effect, it is possible to reduce the threshold of lasing. This is successfully
used in VCSELs (vertical-cavity surface-emitting laser) and RCLEDs (resonant-cavity LEDs)
applications.

Strong coupling regime
In the case when interaction plays a dominant role, such that the probability of reabsorption
of a photon by the dipole is larger than nonradiative damping and photon escape losses (i.e.
Ω >> γ, κ), the strong coupling regime is achieved. This situation can be realized by using very
high quality Bragg mirrors that increase the probability of photon reflection and reabsorption.
Let us examine a two-level system interacting with a cavity field mode and find a simple formula
for a coupling Hamiltonian. The system can be described by the Hamiltonian with magnetic
vector potential A and electric scalar potential φ

Ĥ =

1
(p̂ + eA(r, t))2 − eφ(r, t) + V (r),
2m

(2.10)
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where m is the mass of the atom, p̂ is the momentum operator, e is the elementary charge,
and V (r) is the potential. Searching for the solution, one can use a dipole approximation
A(r, t) ≈ A(0, t) that is fulfilled for atoms and optical wavelengths (400 - 700 nm). Then,
the constant term in the multipole expansion of A(r, t) has a dominant role. Other terms,
such as a magnetic dipole or an electric quadrupole, are negligible. Using the Göppert-Mayer
gauge [36] and the relations for scalar and vector potentials:

χ(r, t) = −r · A(0, t),

(2.11a)

φ0 (r, t) = φ(r, t) − ∂t χ(r, t),

(2.11b)

A0 (r, t) = A(r, t) + ∇χ(r, t),

(2.11c)

one can obtain a dipole Hamiltonian

Ĥ =

1
p̂ + er · E(0, t) + V (r).
2m

(2.12)

The second term expresses the interaction of electromagnetic field with the electric dipole
moment p = −er of the atom
Ĥint = −p · E(0, t).

(2.13)

Taking into consideration a cavity (Fig. 2.1) with mirrors perpendicular to the z-axis, it is
convenient to assume that the field is linearly polarized in a perpendicular direction, such
that E(r, t) = Ex (z, t)ex , where ex is the unit polarization vector. The solutions of Maxwell
equations are
s
Ex (z, t) =
r
By (z, t) =

2ωc2
q(t) sin(kz),
V 0

(2.14a)

2µ0
q̇(t) cos(kz),
V

(2.14b)

where ωc is the frequency of the cavity mode, k is the wave-number given by k = ωc /c, q(t) and
q̇(t) are the canonical position and momentum, respectively, V is the effective cavity volume,
and 0 and µ0 are the vacuum permittivity and permeability, respectively. Assumption of
perfectly conducting boundaries at z = 0 and z = L gives

sin kL = 0 → k = nπ/L,

(2.15)

11

2.1. LIGHT-MATTER INTERACTIONS

where L is the length of the cavity, and n is a positive integer. The Hamiltonian of the classical
field in this case is

H=

1
2



Z
dV

0 E2 +

1 2
B
µ0


=


1 2
ωc q(t) + q̇(t)2 .
2

(2.16)

Hamiltonian (2.16) is equivalent to a harmonic oscillator, therefore quantization can be done
straightforwardly by replacing canonical position and momentum with operators
r

~
(â† + â),
2ω
r
~ω †
ˆ
p̂ ≡ q̇(t) = i
(â − â),
2
q̂ =

(2.17a)
(2.17b)

where â and â† are creation and annihilation operators that depend on t. The operators of
electric and magnetic field are


Êx (z, t) = E0 â† + â sin kz,

(2.18a)


B̂y (z, t) = iB0 â† − â cos kz,

(2.18b)

and the electromagnetic field Hamiltonian is


1
Hfield = ~ωc â† â +
≈ ~ωc â† â,
2

(2.19)

where
r
E0 =

~ω
,
V 0

r
B0 =

~ω
µ0 .
V

(2.20)

In Hamiltonian (2.19) zero-point energy should be renormalized, since there is an infinite
number of electromagnetic field modes.
Rewriting the coupling Hamiltonian (2.13) with operators, one substitutes the field Ê with
operator (2.18a)
Ĥint = −p̂ · Ê = −p̂x E0 (â† + â).

(2.21)

The sin kz in (2.18a) should be calculated for the atom position i.e. in the half-length of the
cavity z = L/2, and due to boundary condition (2.15), the frequency mode n can be chosen
such the sine can obtain the maximum value equal to 1. Considering that the particle is a
two-level system, it is convenient to fix the basis as consisting of the ground state |gi and the
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excited state |ei

 
1
|ei =   .
0

 
0
|gi =   ,
1

(2.22)

In this basis, the dipole operator has the form

0
p̂x = 
p


p
 = p|gihe| + p|eihg| = p(σ̂− + σ̂+ ).
0

(2.23)

In Eq. (2.23) it is assumed that p is real without loss of generality of the solution, and σ̂+ =
|eihg|, σ̂− = |gihe| denotes the transition operators. The interaction Hamiltonian (2.21) has
now the form
Hint = ~ΩR (σ̂+ + σ̂− )(â + â† ),

(2.24)

where ΩR describes the strength of coupling
p
Ω R = − E0 ,
~

(2.25)

and in this particular case it is the vacuum Rabi frequency. In quantum optics, Rabi frequency
is defined for resonant excitation as
ΩR =

p·E
,
~

(2.26)

where E is the electric field vector, whereas, for non-resonant excitation, the generalized Rabi
frequency is given by
Ω=

q

(2.27)

Ω2R + ∆2 ,

where ∆ denotes the detuning between frequencies of cavity mode and the atom transition.
In polariton physics the terms Rabi frequency, Rabi energy, and Rabi splitting are commonly
used in the context of exciton transition.

To write down the complete Hamiltonian, one has to express also the free atom Hamiltonian.
In the two-level basis (2.22) it is given by

H = Eg |gihg| + Ee |eihe| =

1
~ω0 σ̂z ,
2

(2.28)

where zero energy point can be set halfway between the ground and excited states: Ee =
−Eg =

1
2 ~ω0 ,

and the σ̂z = |eihe| − |gihg| is the inversion operator. Therefore the complete

2.2. EXCITON-POLARITONS
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Hamiltonian is
Hatom =

1
~ω0 σ̂z + ~ωc â† â + ~ΩR (σ̂+ + σ̂− )(â + â† ).
2

(2.29)

Using rotating wave approximation [77] ω0 − ωc  ω0 one can omit the terms σ̂+ â† that corresponds to photon emission with excitation of the atom, and σ̂− â that is a photon absorption
with the atom relaxation, and obtain the Jaynes–Cummings model

H=

2.2
2.2.1

1
~ω0 σ̂z + ~ωc â† â + ~ΩR (âσ̂− + â† σ̂+ ).
2

(2.30)

Exciton-Polaritons
Historical introduction

To get familiar with the concept of polariton as a quasiparticle formed as a result of the
interaction of electromagnetic waves with elemental excitations of the medium, it is worth
starting with the microscopic theory of optical phenomena and the theory of excitons, which
provide the appropriate apparatus to describe the interaction of light with crystals. Excitons
are a type of excitations of a semiconductor crystal, a bound atom-like state of a hole and an
electron formed as a result of Coulomb force. Such an electron-hole pair can be created by a
photon interacting with the medium, hence they are very important in optical investigations.
The idea of this quasiparticle was introduced by Yakov I. Frenkel.
Frenkel excitons have radii comparable to lattice constants and are typically localized within
a single atom or molecule. They are typically found in metal halide crystals, organic molecularlike polycyclic aromatic hydrocarbons and in transition metal. Typical binding energy of
Frenkel excitons is between 0.1 to 1 eV. In the case when dielectric constant is large, as in a
typical semiconductor, Coulomb attraction force is weak and the resulting excitons have a much
larger radius than the lattice constant. Such excitations are called Wannier-Mott excitons and
their typical binding energy of the order of 0.01 eV.
The classical theory of electromagnetic wave interaction with lattice vibrations was developed independently by Kirill B. Tolpygo (1950) [86] and Kun Huang (1951) [43, 44]. They
predicted the existence of bound states of photons and transverse optical phonons. These
states emerge as a result of strong interaction of phonons with the transverse electromagnetic
wave. Then, the next step was to study the interaction of excitons with electromagnetic radiation. The greatest contribution were made by Ugo Fano [28], John Hopfield [42], Vladimir
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M. Agranovich [5] and Solomon I. Pekar [70]. They developed the concepts of polaritons as
eigenstates of the crystal-radiation field system.
When studying the propagating waves of electromagnetic radiation in a medium, one can
consider its interaction with the medium in resonance. The medium that is polarized by the
electromagnetic field, in return, strongly influences the resonant field. Near the resonance of the
field and the excited medium, the interaction is so strong, that considering the two subsystems
separately loses sense. The corresponding dispersion relations become separate near their
intersection, and so-called anti-crossing occurs, where the new dispersion forms two branches:
an upper one and a lower one. The corresponding new eigenstates are called polaritons states.
The term polariton was initially introduced by Hopfield to describe an uncoupled mode, but
later it was adopted to describe coupled modes of electromagnetic field, and linearly coupled
to this field normal modes of the medium. Due to the different nature of excitations, there
are many types of polaritons, e.g. phonon polaritons, exciton polaritons, magnons, spin waves,
etc. The subject of this thesis are exciton-polaritons.

2.2.2

Exciton-Single Photonic Mode Interaction

Let us examine the Hamiltonian of an exciton interacting with a single photonic mode. As
will be shown later in this Chapter, excitons are not analogs of two-level atoms, as they
typically exhibit bosonic commutation relations. It is not possible to describe them with the
Hamiltonian (2.30). To describe the creation and annihilation of the exciton, one has to use
bosonic operators b̂† and b̂ instead of spin-flip operators σ̂+ and σ̂− . Energy of the exciton,
analogously to the photon energy, can be expressed with the term ~ωx b̂† b̂. The Hamiltonian
contains the energies of photons, excitons, and the process of photon annihilation and exciton
creation (and the reverse process)

H = ~ωc â† â + ~ωx b̂† b̂ +

~Ω †
(âb̂ + â† b̂).
2

(2.31)

In the above Hamiltonian, the total number of excitations, excitonic and photonic, is a conserved quantity, since H does not depend on time and [H, Nc + Nx ] = 0, where Nc = â† â and
Nx = b̂† b̂ are the corresponding number operators.
The easiest way to analyze the Hamiltonian (2.31) is to use the basis of so-called dressed
states. One should express the new operators p̂ and r̂ as linear combinations of â and b̂
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operators

p̂ = â cos θ + b̂ sin θ,

(2.32a)

r̂ = −â sin θ + b̂ cos θ.

(2.32b)

It can be seen that the transformation is similar to rotation matrix. The relations (2.32) can
be found by substituting the general linear combination into the Hamiltonian and using the
condition that operators p̂ and r̂ are bosonic (see Appendix A). With the the reversed relations

â = p̂ cos θ − r̂ sin θ,

(2.33a)

b̂ = p̂ sin θ + r̂ cos θ,

(2.33b)

one can substitute â and b̂ operators in the Hamiltonian (2.31) and determine the values of
cos θ and sin θ such that the coefficients for products such as p̂† r̂ are zero (see Appendix A).
The angle θ is called the mixing angle, and cos θ is given by
p
cos θ =

2G(∆ + G)
,
2G

(2.34)

where G and ∆ are defined by

G=

p

∆2 + Ω 2 ,

∆ = ωc − ωx .

(2.35a)
(2.35b)

The quantity ∆ is called the photon-exciton detuning. It describes the difference between
the frequencies of cavity photon and exciton modes. Here, Ω is the Rabi frequency that
expresses the period of oscillations of average occupations of excitons and photons. Using the
transformation (2.33), Hamiltonian (2.31) becomes

H = ~ωp p̂† p̂ + ~ωr r̂† r̂.

(2.36)
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Figure 2.4: Eigenfrequencies of the system (2.37b) in function of detuning (in units of Ω) with
fixed ωx = 0. At the point of zero detuning, the anticrossing effect is visible. The bare modes
are recovered at large detunings.
The eigenenergies (or frequencies) are given by the following formulas
1
(ωc + ωx + G),
2
1
ωr = (ωc + ωx − G).
2

ωp =

(2.37a)
(2.37b)

Figure 2.4 presents the frequencies of the system as a function of the detuning. At the point
of zero detuning, anticrossing effect can be observed. The derivation of Hamiltonian (2.36),
mixing angle and frequencies ωp,r is presented in Appendix A.
The above simple model has been presented to illustrate that the coupling of excitons with
light leads to the anticrossing of eigenmodes in the spectrum.

2.2.3

Quantum Descriptions of Excitons in Semiconductors

In this subsection, an elementary description of the excitons in the semiconductors is presented.
The Hamiltonian, written in the second quantization formulation, contains the kinetic energy
term, the periodic potential and the Coulomb interaction
Z
H=



Z
Z
~2 2
1
e2
dr Ψ(r) −
∇ + V (r) Ψ(r) +
dr dr0 Ψ(r)† Ψ(r0 )†
Ψ(r0 )Ψ(r). (2.38)
2m
2
|r − r0 |
†

By expanding the Fermi-field operator Ψ(r) in the basis of Bloch functions, that are the
eigenfunctions of the singe-particle Hamiltonian, one can express the (2.38) Hamiltonian in
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terms of electron creation and annihilation operators (ek,ν , e†k,ν ). The field operator is given
by
1 X
Ψ(r) = √
ek,ν uk,ν (r) exp (ik · r),
N k,ν

(2.39)

where uk,ν (r) are the Bloch functions that are periodic with respect to the N number of unit
cells, k is the electron wave vector and ν denotes the band in semiconductor [40].
By inserting the (2.39) into the (2.38) and transforming it into the Fourier space results in

H=

X

Eν (k)e†k,ν ek,ν +

k,ν

1
2

X

(2.40)

V (q) ek+q,ν ep−q,µ ep,µ ek,ν ,

k,p,q6=0,ν,µ

where V (q) is the Fourier transform of the Coulomb interaction, Eν (k) is the dispersion relation
of the ν band.
In Appendix B there is shown form the beginnings the way of derivation Eq. (2.40).
Usually it is sufficient to use the two-band model approximation, i.e. limit the bands only
to a valance band ν = v and a conduction band ν = c. It is also useful to introduce the idea
of a hole, that is a lack of the electron in the full valence band. The creation and annihilation
operators for the hole are defined by
ek,v = h†−k ,

e†k,v = h−k .

(2.41)

Note that with hole operators, we can omit the band subscripts for both carriers. Then with
using the anticommutation relations and remaining terms that conserve the number of electron
in a certain band, the (2.40) is given by

H=

Xh

i

(2.42a)

h
i
V (q) e†k+q e†p−q ep ek + h†k+q h†p−q hp hk

(2.42b)

Ee (k)e†k ek + Eh (k)h†k hk

k

+
−

1
2

X
k,p,q6=0

X

V (q)e†k+q h†p−q hp ek .

(2.42c)

k,p,q6=0

To find the dispersion relation, one can use the parabolic band approximation and the effective
mass method. The effective mass is introduced to simplify the issue, e.g. when a particle is in
a solid and under the influence of forces. In general the inverse of the effective mass tensor is
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obtained as [58]


1
m∗


=
ij

1 ∂ 2 Eν (k)
,
~2 ∂ki ∂kj

(2.43)

where Eν (k) is the dispersion relation for the ν band. With the parabolic band approximation,
i.e. by expanding the dispersion relation Eν (k) into a Taylor series, one can obtain for the k
corresponding to the lowest energy, the energy

Eν (k) ≈ Eν (kmin(E) ) +

1 ∂ 2 Eν (k)
2 ∂k 2

min(E)

k2 .

(2.44)

Therefore, since the maximum energy of the valance or/and minimum energy of conduction
band occurs at k = 0, the dispersion relation for electrons and holes can be locally approximated
as

Ee,h (k) = Ee,h (0) +

~2 k 2
,
2m∗e,h

(2.45)

where m∗e,h are the electron (e) or hole (h) effective mass that is a scalar quantity. Setting zero
level of the potential at the maximum energy of the valence band, the Ee (0) would be than
the energy gap Egap . Full derivation of Hamiltonian (2.42) is presented in Appendix B.

2.2.4

Exciton operator

Let us introduce the exciton operator in the general form

X† =

X

ckk0 e†k h†k0 ,

(2.46)

kk0

that creates a pair of electron and hole with amplitudes ckk0 . The carriers are bound together like in a hydrogen atom so they are described with the Wannier equation, which is the
Schrödinger equation for excitons in solids

−

~2 2
~2 2
e2
∇e −
∇h −
2me
2mh
4πr 0 |re − rh |


Φ(re , rh ) = EΦ(re , rh ).

(2.47)

The exciton wave function is related to the ckk0 amplitudes via the Fourier transform

Φ(re , rh ) =

X
kk0

ckk0 exp (ik · re ) exp (ik0 · rh ).

(2.48)
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In the coordinates of relative distance d and center of mass R

d = re − rh ,

R = βre + αrh ,

(2.49)

where α = mh /M , β = me /M and M = me + mh . The relative momentum between electron
and hole κ and total momentum K are

κ = k − k0 ,

K = k + k0 .

(2.50)

The eigenfuction in Eq. (2.47) can be found in the separated form

Φ(d, R) =

X
K

ϕn (d) exp (iK · R),

(2.51)

therefore, ϕn (d) are the eigenfuctions of the


~2 2
e2
−
∇d −
2mr
4πr 0 |d|


ϕn (d) = En ϕn (d),

(2.52)

where mr is a reduced mass (mr = me mh /M ). The index n denotes the quantum number
whereas En are the corresponding eigenenergies. Considering (2.46), (2.48) and (2.51) gives
†
XK,n
=

X

δK,k+k0 ϕn (κ) e†k h†k0 ,

(2.53)

kk0

where ϕn (κ) is the Fourier transform of ϕn (d). The Dirac delta is necessary to remain only
these elements of the summations that k + k0 = K. However, it is easy to show that (2.53)
can take the form
†
XK,n
=

X

ϕn (κ) e†K/2−κ h†K/2−κ .

(2.54)

κ

Using the exciton operator, as it is shown in Appendix B, the Hamiltonian (2.42) in the
limit of low electron and holes density, can be diagonalized. The limit allows omitting the terms
that look like a squared particle number operators, i.e. e† e† ee and h† h† hh, thus Eq. (2.42)

H=

i
Xh
Ee (k)e†k ek + Eh (k)h†k hk −
k

X

V (q)e†k+q h†p−q hp ek ,

(2.55)

k,p,q6=0

can be expressed as
H=

X
n,K

†
n
EX
(K)XK,n
XK,n ,

(2.56)
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n
where EX
is the dispersion relation of the exciton including the energy gap

n
EX
(K) = E(K) + Egap + En =

~2 K2
+ Egap + En .
2M

(2.57)

In a microcavity, one should also take into consideration the exciton binding energy, which in
two-dimensional structures is additionally strengthened.

It is worth to examine whether the exciton operator (2.54) fulfills the bosonic commutator
relations and whether the diagonalization (2.56) is feasible
h
i
†
XK,n , XK
= δn,m δK,K0 .
0 ,m

(2.58)

Substituting the expression for exciton operator into commutation relation, one can, using the
anticommutation relations for holes and electrons, derive the explicit formula
h

i
X
†
XK,n , XK
= δn,m δK,K0 −
ϕn (κ)ϕ∗m (κ0 )e†K0 /2−κ0 eK/2−κ
0 ,m

(2.59)

ϕn (κ)ϕ∗m (κ0 )h†K0 /2−κ0 hK/2−κ

(2.60)

κ,κ0

−

X
κ,κ0

Excitons can be treated as bosons as long as the second and third terms are negligible. This
is the case in the low density limit when the average distance between excitons is much larger
than their size. In particular, one can estimate the commutator in the lowest energy exciton
state
h

i
X

†
X0,0 , X0,0
= δ0,0 δ0,0 −
|ϕ0 (κ)|2 e†κ eκ + h†κ hκ .

(2.61)

And the exceptation value would be
Dh
iE
†
X0,0 , X0,0
= 1 + O(adB n).

(2.62)

where n denotes the density of excitons, aB is the Bohr radius of the exciton, and d is the
dimensionality of the system.

Notice that the condition for excitons to behave like bosons in quantum wells is valid when
n  a−2
B . At larger densities, as well as in zero-dimensional confining potentials, excitons
cannot be considered bosons due to the phenomenon of phase space filling.
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2.2.5

Dark and Bright Excitons

Exciton spin is a combination of spins of the electron and the hole. Initially, the spin of
carriers in semiconductors was researched by G. Lampel [54]. Projection of the total angular
momentum Jz of electron is equal to ± 12 , for light holes it is also ± 21 because their spin angular
momentum is antiparallel to the orbital momentum, however for heavy holes, it is ± 32 due to
parallel alignment.
Although excitons can be composed of light holes or heavy holes, in quantum wells the
heavy hole configuration is usually energetically preferred. In a quantum well, the degeneracy
of light and heavy holes energy levels is lifted due to the confinement. Energy levels of heavy
holes are lower than the light holes, thus the ground-state exciton is formed with an electron
and a heavy hole. Therefore, the total exciton angular momentum projection on the structure
axis Jz , being a sum of Jz ’s of the electron and the heavy hole, can be equal to ±1 or ±2.
In the process of photoabsorbition with the creation of an exciton, due to the spin conservation law, photons that have ±1 spin can excite only excitons with Jz = ±1. These excitons
are optically active and are called bright excitons. The excitons with Jz = ±2 are unable
to couple with light, and are named dark excitons. Because of that, these states are usually
not taken into consideration, nevertheless one should have in mind, that the dark states can
become occupied in the process of scattering of bright excitons or other excitations.

2.2.6

Cavity Polaritons

Currently, one of the main branches of research on polaritons is on exciton-polaritons confined
in microcavities. Through confinement in one dimension, excitons are free to move in the
quantum well plane. The wavevector of the electromagnetic plane wave incident on the sample
can be decomposed into the normal-to-plane vector (k⊥ ) and in-plane vector (kk ). In the case
of a beam perpendicular to the quantum well plane, standing waves are created with wave
vectors
k⊥ =

π
n,
Lc

(2.63)

where n is the number of antinodes of the optical mode and for typical microcavities is between
1 to 10.
Considering the in-plane vector kk as a perturbation (kk  k⊥ ), one can determine the
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photon energy as a function kk
~c q 2
2 ≈ ~c k
EC = ~ωc =
kk + k⊥
⊥
nc
nc

1+

kk2

!

2
2k⊥

= EC (0) +

~2 kk2
2m∗ph

,

(2.64)

where the cavity frequency is expressed by

ωc =

c
|k|.
nc

(2.65)

The refractive index is denoted with nc and c is the speed of light. In Eq. (2.64), the energy
EC (0) is the minimal energy of photons related to the standing wave

EC (0) =

hc
,
nc Lc

(2.66)

hnc
.
cLc

(2.67)

and the effective mass of the photon is

m∗ph =

Substituting typical physical parameters, one can notice that photon effective mass is extremely
small, about 5 orders of magnitude smaller than the mass of a free electron.
Moreover, note that kk vector is connected to the emission angle by the relation

kk = k sin θ =

E(θ)
sin θ,
hc

(2.68)

where θ and E(θ) are the angle and energy of emitted photons, respectively. Measuring that
angle, dispersion relations in a cavity can be reconstructed.
Let us investigate what happens with the dipole moment −er of the exciton that couples
to light in a microcavity. One should examine the following Hamiltonian


~2 2
H = dr Ψ(r) −
∇ + V (r) Ψ(r)
2m
Z
Z
1
e2
+
dr dr0 Ψ(r)† Ψ(r0 )†
Ψ(r0 )Ψ(r)
2
|r − r0 |
Z
+ Ψ† (r) [−er · E(r)] Ψ(r)dr.
Z

†

(2.69a)
(2.69b)
(2.69c)

Here, only the 1s state of the exciton without spin is considered. The integral (2.69c) expresses
the exciton-light coupling. Rewriting the whole Hamiltonian (2.69) in terms of annihilation
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and creation operators leads to the exciton-photon coupling Hamiltonian

H=

X

EC (k)a†k ak +

k

X

EX (k)b†k bk +

k

X1
k

2

~Ω(k)(a†k bk + b†k ak ).

(2.70)

The procedure is analogous to that in which Hamiltonian (2.42) is obtained.
Here, EC denotes the photon energy defined with Eq. (2.64) and EX is the exciton energy
that is described by Eq. (2.57) (with n = 0), and ~Ω expresses the Rabi splitting energy
Eq. (2.26).
The Hamiltonian (2.70) is a bilinear combination of bosonic operators, thus it can be
transformed to a diagonal form by the Hopfield transformation

pLP
k = Xk bk − Ck ak ,

(2.71a)

pUP
k = Ck bk + Xk ak .

(2.71b)

where pLP
and pLP
are operators of the fundamental excitations, i.e the lower and upper
k
k
polariton. Parameters Ck and Xk are the photonic and excitonic Hopfield coefficients, with
1
|Ck | =
2
2

1
|Xk |2 =
2

∆E(k)

!

∆E(k)

!

1− p
∆E(k)2 + (~Ω(k))2
1+ p

∆E(k)2 + (~Ω(k))2

,

(2.72a)

.

(2.72b)

These coefficients express the contributions of photonic and excitonic fractions in the polariton
excitation, and so they satisfy the relation |Ck |2 + |Xk |2 = 1.
Via Hopfield transformation Eq. (2.71) the Hamiltonian (2.70) reduces to the simple form

H=

X

LP
ELP (k)pLP†
k pk +

k

X

EUP (k)pUP†
pUP
k .
k

(2.73)

k

Energies of polaritons eigenstates can be expressed as combinations of the photon energy
EC (2.64) and exciton energy EX (2.57)

p
1
EC (k) + EX (k) − ∆E(k)2 + (~Ω(k))2 ,
2

p
1
EC (k) + EX (k) + ∆E(k)2 + (~Ω(k))2 .
EUP (k) =
2
ELP (k) =

(2.74a)
(2.74b)

Figure 2.5 illustrates the dispersion relations of lower and upper polariton branches at zero
detuning. Grey dotted lines correspond to exciton and photon dispersion relations.
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Figure 2.5: Dispersion relation of lower (LP) and upper (UP) polariton branches in case of
zero detuning (2.75). Dispersion for excitons (EX ) and photons (EC ) are marked.

In Equations (2.72) and (2.74) ∆E(k) denotes the difference between photon and exciton
energies, which is called the detuning:

∆E(k) = EC (k) − EX (k).

(2.75)

It is an important parameter that is used in describing exciton-polariton systems. For ∆E(k) >
0 lower polariton branch has a more excitonic nature, and for ∆E(k) < 0 it is more photonic,
which is closely related with Eqs. (2.72). In Figure 2.6 dispersion relations in the case of
negative and positive detuning are presented.
Effective masses of polaritons can be expressed as weighted averages of Hopfield coefficients

1
|Ck |2
|Xk |2
=
+
,
mUP
mX
mC

(2.76a)

|Xk |2
|Ck |2
1
=
+
.
mLP
mX
mC

(2.76b)

Since the effective mass of an exciton is much larger than the effective mass of a photon,
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Figure 2.6: Dispersion relation of lower (LP) and upper (UP) polariton branches. Dispersion for
excitons (EX ) and photons (EC ) are marked. Left-hand side figure presents negative detuning,
whereas right-hand side figure, positive detuning.

one has mLP ≈ mC /|Ck |2 . In a similar manner, one can obtain loss rates of polaritons as
γUP = γX |Ck |2 + γC |Xk |2 ,

(2.77a)

γLP = γX |Xk |2 + γC |Ck |2 .

(2.77b)

Typically, decay rate of excitons is much smaller than photon decay rate, thus γLP ≈ γC /|Ck |2 .
Photon decay is mainly due to the escape of photons from the microcavity, which makes it
possible to observe the polariton dispersion directly using a spectrometer.

2.2.7

Spin of Exciton-Polaritons

Analysis of exciton-polariton particles requires consideration of two possible spin projections.
In the case of resonant pumping, one can control the polarization of created polaritons by choosing the appropriate polarization of the laser (e.g. right circularly polarized photons create spindown polaritons). In contrast, in the case of the non-resonant pumping, a linear combination
of spin-up and spin-down polaritons is formed. This is due to the spin anisotropy of polariton
interactions and the splitting between linear polarizations due to sample anisotropy [45].
It is known that only excitons with ±1 spin (bright excitons) are optically active. Therefore,
when they are coupled with light, there are only two possible configurations of polaritons with
spin +1 (called spin-up) and spin -1 (spin down).
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Figure 2.7: Poincaré sphere with pseudospin Sk . Green arrows denote different linear polarizations on the equator, while blue ones mark the two circular polarizations on the poles.

Polariton Pseudospin
The pseudospin-1/2 vector representation is widely used, e.g. for electrons. It was introduced
by Heisenberg to describe the system of a neutron and a proton treated as a particle [41] and
it can be successfully implemented in the case of polaritons.
Analogously to excitonic systems, one can treat exciton-polaritons with a particular inplane wavevector kk as a two level system that is described with the density matrix ρkk =
P
i λi |ψi ihψi |, where
Nk k
I + Skk · σ.
(2.78)
ρkk =
2
Here, pseudospin density matrix is composed with the half of the population of kk state multiplied by identity matrix I and the mean pseudospin of polariton kk state multiplied by Pauli
matrix vector σ = (σx , σy , σz ).
Pseudospin Skk can be represented on the Poincaré sphere, where a point on the sphere
indicates the projection of the exciton-polariton spin on the structure axis. Usually, the basis of
circularly polarized states is used. Pseudospin equal to Sz = ±1/2 is associated with right- or
left-circular polarizations, parallel to the x-axis with X-polarized light, and antiparallel to the
x-axis with Y-polarized light. Pseudospin state equal to Sy = ±1/2 corresponds to diagonal
polarizations. Other states represent elliptical polarizations.
To describe how the density operator evolves in time, one has to use the von Neumann
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equation, which is the equivalent of the Schrödinger equation used for pure states

i~∂t ρk = [Hk , ρk ] ,

(2.79)

where the Hamiltonian Hk in the commutator is given by

Hk = En (k) − gµB Beff,k · Sk ,

(2.80)

where En (k) denotes the energy of the n-th polariton branch, whereas gµB Beff,k · Sk is the
magnetic field energy term. It contains the polariton g-factor g, the Bohr magneton µB ,
effective magnetic field Beff,k and pseudospin Sk .
Note that effective magnetic field will enter dynamic equations in the same way as real
magnetic field, but in contrast to the real one, it does not mix bright and dark states (it acts
only on the optically active states doublet).

Longitudinal–transverse Splitting
Considering spin-related effects one should mention longitudinal-transverse splitting of excitons. As it was shown in [59], including the spin-flip exchange interaction of carriers is key
in spin relaxation processes in the case of confined quantum-well excitons. The excitons that
have nonzero inplane wavevectors have different state energies for differently oriented dipole
moments. The moments parallel to the exciton inplane wavevector are called TM (Transverse Magnetic) whereas moments perpendicular - TE (Transverse Electric), thus the energy
splitting between these states is usually named TE-TM splitting. The longitudinal-transverse
splitting is caused by the long-range electron-hole exchange interaction. It can be described
with the Pikus and Bir reduced spin Hamiltonian (for details see [71]).
In microcavities, excitonic TE-TM splitting is enhanced by exciton coupling with cavity
mode and it depends on the detuning ∆E(k). Usually, the TM-TE splitting can be neglected
since its energy is orders of magnitude lower in comparison to the polariton energies. One
has to note that this splitting could lead to the precession of polariton spins in an effective
magnetic field [81] and to the pinning of linear polarization along crystallographic axis [50].

Spin-dependent Effects
A wide spectrum of phenomena is associated with spin and polarization degree of freedom,
such as the optical spin Hall effect, polarization vortices and half-vortices, superfluidity or
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topological effects such as topological spin Meissner effect in spinor exciton-polaritons [39, 76].
Many phenomena, such as the optical spin Hall effect (OSHE), are possible due to the
TE-TM splitting. The OSHE consists in separating, in both real and momentum space,
spin-polarized exciton-polariton particles. The polarization of scattered polaritons depends
on the direction of scattering and orientation of the linear polarization [46]. This and other
polarization-sensitive phenomena are pedagogically described in the work [79]
The research on spin dynamics and methods of its manipulation can initiate an important
branch of spin-optronics. Just as spintronic devices are based on electron spin control, so can
the control of polarization of exciton-polaritons lead to the construction of devices. These
devices can be superior due to the relatively longer spin relaxation time of polaritons. This
idea may be applied e.g. in optical logic gates, spin memory elements, and polariton artificial
neural networks.

2.3

Bose-Einstein Condensation

This section presents the concept of Bose-Einstein condensation of particles in free space. Such
condensate (sometimes called ”the 5th state of matter”) is a macroscopic quantum phenomenon.
In a quantum system the key role is played by the indistinguishability of identical particles.
In classical mechanics, two identical particles are distinguishable since the observer can follow
their trajectories, which is not always possible in quantum mechanics. Because of that, two
configurations which differ only by an interchange two particles has to be interpreted as the
same configuration and described with the same state vector [78]. Interchange operation does
not change the Hamiltonian of the system but leads to a concept of two types of particles. For
the first kind, the eigenvalue of the interchange operation is +1, the wavefunction is symmetric,
and the particles obey Bose-Einstein statistics. These particles are called bosons. Because of
the symmetrical wavefunction, any number of bosons can occupy the same quantum state. The
second kind, with the eigenvalue of the interchange operation equal to -1, are described with
an antisymmetric wavefunction, obey Fermi-Dirac statistics, and are called fermions. Due to
the antysymmetric wavefunction fermions cannot occupy the same quantum state, which is
expressed in the Pauli exclusion principle.
The phenomenon of Bose-Einstein condensation is a phase transition [73] that results in
occupation of the ground state by a macroscopic fraction of all particles. (in terms of Onsager
and Penrose criterion there is an eigenvalue of the single particle density matrix that has the
same order as the total number of particles). In the case of atoms in vacuum, due to three-
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body interactions and processes of consolidation to solid matter, Bose-Einstein condensation
is possible only for diluted gases (1014 - 1015 particles/cm3 ) in extremely low temperatures
(nanokelvin). This phase transition was predicted by Satyendra Nath Bose and Albert Einstein
in their works in 1924-1925 and experimentally confirmed in 1995 by two independent scientific
groups from JILA1 and MIT2 , that observed Bose-Einstein condensation for Rubidium-87 and
Sodium-23, respectively. A great introduction to this field is given in the Nobel Lecture written
by W. Ketterle, one of the Nobel Prize winners [49].

2.3.1

Ideal Bose Gas

This subsection presents a mathematical description of the ideal Bose Gas, which is a gas
composed of non-interacting bosons. The best way to describe such system is the grand
canonical ensemble. Within this description, the system has a fixed volume but can exchange
heat and particles with the reservoir, therefore the temperature and the chemical potential are
control parameters. The grand canonical partition sum is given by

Ξ=

∞
X
n0

e−β(0 −µ)n0

∞
X
n1

e−β(1 −µ)n1 · · · =

∞
Y
j=0

1
1−

e−β(j −µ)

,

(2.81)

where i is the energy and ni is the number of particles in the i-th quantum state, β denotes
the inverse of the thermodynamic temperature (β = 1/kB T ). The mean value of the number
of particles N̄ can be calculated using the thermodynamic relation [29]
∞

N̄ = kB T

X
∂
1
lnΞ =
,
β(
−µ)
j
∂µ
e
−1
j=0

(2.82)

where
N̄j =

1
eβ(j −µ)

−1

,

(2.83)

denotes the mean value of the j-th state occupation.
The chemical potential µ denotes the change of the Helmholtz free energy when a particle
is added to the system. For bosons, it has to be less than the lowest energy level that we
choose to be 0 = 0 and it is infinitesimally close to zero for temperatures below the critical
temperature of the phase transition to the condensate. Note that positive value of µ will give
a non-physical occupation of the ground state.
1 acronym
2 acronym

of Joint Institute for Laboratory Astrophysics
of Massachusetts Institute of Technology
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The critical temperature

For each particle, according to de Broglie hypothesis the wavelength of a matter wave is
inversely proportional to its momentum i.e. λ = h/p. Thus, when decreasing the temperature,
the wavelength increases, and at a particular temperature becomes comparable to the mean
distance d between the particles. This is the point of revealing the quantum features of particles.
We can estimate this temperature by considering the mean momentum of a particle from the
Maxwell distribution
p∼

p
mkB T .

(2.84)

Substituting the above and λ = d = n1/3 into the de Broglie relation one can derive the
expression for the critical temperature in function of density and a mass of a particle

TC ∼

h2 n2/3
.
mkB

(2.85)

According to the above, the mass of the particles and the density has a crucial role in the
transition to the condensate. In atomic gases, density has to be very low, thus the critical temperature is extremely small. Eq. (2.85) is a fairly good approximation in the three-dimensional
free space. In one- and two-dimensional cases and for variously shaped traps, the critical
temperature dependence on density is different [20].
In general, according to the Mermin-Wagner theorem [62], there are no phase transitions
to the Bose-Einstein condensate in one and two dimensions in the case of an untrapped gas.
However, in two dimensions there is a Berezinskii–Kosterlitz–Thouless phase transition [8, 9,
51]. The exact calculations and physical values in the case of free space are presented in [55, 73]

2.3.2

Weakly Interacting Bose Gas

In reality, Bose gases interact and only due to these mutual interactions the thermalization to
the Bose-Einstein condensate can happen. In the case of a strongly diluted gas, it is appropriate
to consider a weakly interacting Bose gas. The evolution of N weakly interacting bosons can
be described with the second quantization Hamiltonian
Z
Ĥ =

dr Ψ̂† (r)



~2 2
1
∇ + U (r) +
2m
2

Z


d3 r0 Ψ̂† (r0 )V (r − r0 )Ψ̂(r0 ) Ψ̂(r),

(2.86)
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where the field operator is defined as

Ψ̂(r) =

∞
X

φi (r)âi ,

(2.87)

i=0

where φ(r) is a single particle wavefunction and âi is an annihilation operator (â†i for a creation
operator).
When the mean distance between atoms is much larger than a range of an interaction
potential and kB T is close to 0 then the interactions are dominated with the s-type waves and
it is appropriate to approximate the interaction as a contact one : V = gδ(r − r0 ). Applying it
and using commutation relations [Ψ̂(r), Ψ̂† (r0 )] = δ(r − r0 ) and [Ψ̂(r), Ψ̂(r0 )] = 0 it is easy to
derive the exact time evolution equation for operator Ψ̂ from the Heisenberg equation
 2

~
∂
2
†
∇ + U (r) + g Ψ̂ (r, t)Ψ̂(r, t) Ψ̂(r, t).
i~ Ψ̂(r, t) = [Ψ̂(r, t), Ĥ] =
∂t
2m

(2.88)

Considering a condensate, the number of particles in the ground state is so large, that the noncommutivity of the field operators can be neglected and with a good approximation replaced
with the classical function. We can separate the field operator into the main fraction and the
sum of the excited states and according to the Bogoliubov approximation, replace the operator
â0 with a complex number, and treat other terms as a small perturbation

Ψ̂(r) = φ0 (r)â0 +

∞
X

φi (r)âi = ψ(r) + δ Ψ̂(r),

(2.89)

i=1

where ψ(r) =

√

n0 φ0 (r) is a classical function which is called the wavefunction of the conden-

sate, and plays the role of the order parameter. This equation is a great tool for investigating
trapped Bose-Einstein condensates and it can be easily calculated in a self-consistent way.

2.4

Exciton-Polariton Condensates

In Subsection 2.3 the Bose-Einstein condensation of ideal and weakly interacting gases were
presented. These descriptions relate to pure gases of bosons in a vacuum or a trap. However,
one can also consider condensing bosons in solid state systems.
Historically, the first idea was to achieve condensation of excitons. But due to a very
large electron-hole recombination rate, it was very challenging to realize. Recently, after many
unsuccessful attempts, in certain electron-hole bilayer systems it was possible to obtain a BEC
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of excitons [90].
Meanwhile, exciton-polaritons became a very promising candidate for condensation in
solids. The effective mass of polaritons compared to atoms is eight orders of magnitude lower,
which according to the formula for critical temperature Eq. (2.85) means that the critical temperature does not have to be extremely low. In fact, the high density of particles results in
that it is enough to cool the semiconductor sample to the temperature around 4K. In the case
of organic materials, the condensation can be achieved even in room temperatures.
The Bragg mirror microcavity is the standard system in which exciton-polariton condensates are observed and explored. The semiconductor (e.g. GaAs or CdTe) with quantum wells is
sandwiched between Bragg mirrors, ensuring the high quality factor of light trapping. Excitons
in such microcavities can strongly couple with photons and form polariton excitons [42, 91].
An example of the process of forming a polariton particle in a microcavity is described in the
Sections 2.1 and 2.2.
It is worth noting here that the number of polaritons in the sample increases with the
intensity of the laser. Exceeding a certain threshold, one can obtain conditions when condensation to the lower polariton branch occurs in a finite two-dimensional system, in analogy to
the trapped system. However, the lowest polariton state is not the ground state of the system,
since in the true ground state there are no polaritons (polaritons are excitations). Therefore
in contrast to the Bose-Einstein condensate of atoms, the polariton condensate is a nonequilibirum metastable state. Polariton particles in the condensate live very shortly (5-200 ps)
therefore the condensate should be supplied with new particles to sustain the population. This
is a very different mechanism as compared to atomic condensates. In cold gases, it is necessary
to achieve a sufficiently low gas density and then the gas temperature is reduced to achieve
condensation, while for polaritons, the system temperature is kept constant and the gas density
is increased to finally achieve stimulated boson scattering.
Despite these differences, the phenomenological description based on the Gross-Pitaevskii
equation is used to describe polariton condensates with great success, if the terms describing
condensate losses as well as the pumping are included. Due to the short lifetime of polaritons
in the condensate, it is not possible to obtain full thermalization. The system is therefore
unbalanced, but the description employs the artificial chemical potential. The introduction of
such chemical potential is useful because there is a strong similarity between the descriptions
of cold atom condensates and polariton condensates.
A very important aspect in the description of polariton condensates is the additional internal
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degrees of freedom of the system. These are, first and foremost, the polariton spin associated
with the polarization of light and the spin of excitons.
The additional degree of freedom is associated with the existence of the reservoir of excitons
in the crystal. The exciton reservoir reflects free high-energy excitons in the quantum well.
These excitons do not couple with photons and are a kind of a resource. The process of feeding
a condensate from a reservoir is often modeled using an additional equation describing the
dynamics of the reservoir.

2.4.1

Experimental methods

In this subsection, a few methods of creating exciton-polaritons in the microcavity are presented.
The simplest one is pumping with a laser which energy is tuned to the minimum of the lower
polariton branch (Fig. 2.8). The consequence of this kind of pumping is that the condensate
does not become coherent spontaneously. The coherence is derived from the laser to the
condensate.

Figure 2.8: Resonant pumping scheme; blue line - lower polariton branch; red thick arrow
- external pumping, black curly arrow - emission, orange ellipse - condensate. Pumping is
directly into the lower polariton branch.
The second method is based on the OPO (optical parametric oscillator) mechanism that
consists of pumping with a laser beam incident at the so-called magic angle (Fig. 2.9). Polaritons created with this pump interact with each other and scatter into the signal state (down
the dispersion branch) and into the idler state (up the dispersion branch). This process has to
fulfill momentum and energy conservation conditions, from which the optimal k-value of the
magic angle can be derived. It is worth to mention that the dispersion of the polariton lower
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branch allows that process to occur in contrast to the quadratic dispersion relation [19].

Figure 2.9: OPO pumping scheme; blue lines - lower and upper polariton branches; red thick
arrow - pumping, black curly arrow - emission, orange ellipse - condensate. Pumping is tuned
to the magic angle, polaritons scatter into te k=0 state and the idler state.
The third method is based on non-resonant excitation where the energy the laser pump
photons is tuned much higher, above the energies of polariton branches (Fig. 2.10). Photons
excite free carriers to create a high-energy electron-hole plasma. These carriers, due to the
multiple mutual scattering and interaction with optical phonons, loose a significant part of
their kinetic energy. Due to electronic correlations, these free carriers bind into excitons. Later
on, the relaxation of excitons is mainly caused by interactions with acoustic phonons (optical
phonons are not involved because their dispersion is too flat) and exciton-exciton interactions.

Further reducing the energy down the dispersion branch, the excitons achieve the polariton
anticrossing where strong coupling between excitons and photons occurs. This causes shortening of the lifetime and decrease of the effective mass due to the photon component of the
polariton (see Eqs. (2.76), (2.77)).
Moreover, the more photonic polaritons are, the less they interact with each other. The
scattering process along the lower polariton branch is strongly tamed due to the so-called
bottleneck effect. In this area near the anticrossing point (k ≈ kbn ) the scattering slows
down because of the lack of acoustic phonons with such energy-momentum relation. The
only remaining effective energy relaxation process is the polariton-polariton scattering. As a
result of this interaction, one polariton can be scattered to the ground state with k = 0, and
simultaneously there is a promotion of the other polariton to the state with a higher energy
and the wave vector k = 2kbn . Higher energy polariton again loses energy by interacting with
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Figure 2.10: Non-resonant pumping scheme; blue lines - lower and upper polariton branches;
red thick arrow - pumping, black curly arrow - emission, orange ellipse - condensate; reddish ellipse - high-energy electron-hole plasma; grey ellipse - bottleneck effect area. Pumping is tuned
much higher than polariton branches; due to relaxation, scattering and interaction polaritons
supply the condensate.
phonons, excitons or other polaritons. In this way, polaritons are scattered to the ground
state of the lower polariton branch. When the average number of particles in the ground
state becomes sufficiently high, comparable to unity, the stimulated scattering sets in. In this
case, each polariton scattered to the ground state will obtain exactly the same phase. One
should have in mind that the initial coherence of the laser field is lost due to the many steps
of relaxation. The condensate becomes coherent spontaneously as this phase is not derived
from the pumping laser. This method is the closest analog of the Bose-Einstein condensation
of atoms.

2.4.2

Models of an Exciton-Polariton Condensate

The focus of this thesis is on the third, nonresonant method of excitation. The complete
model of a nonresonantly pumped microcavity should take into account the entire variety of
particles and processes described above, in particular including excitons, the bottleneck area,
and the state in which condensation occurs. Since such model would be intractable, it is usually
simplified to the model describing stimulated relaxation from the so-called "reservoir" to the
condensate. The reservoir describes collectively all non-polariton particles described above,
and also non-condensed polaritons.
There are three main approaches to describe condensation in the literature. The first
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proposed by M. Wouters, I. Carusotto (2007) is based on the Gross-Pitaevskii equation and the
separate reservoir equation [92], based on the Boltzmann equation for inversion-less polariton
lasers

i~



∂
~2 ∇ 2
i~
ψ(r, t) = −
+ gC |ψ(r, t)|2 + gR nR (r, t) + (RnR (r, t) − γC ) ψ(r, t),
∂t
2mLP
2
∂
n (r, t) = P (r, t) − R|ψ(r, t)|2 nR (r, t) − γR nR (r, t).
∂t R

(2.90a)
(2.90b)

Equation (2.90a) describes the behavior of the polariton condensate, where mLP is a lower
polariton effective mass, gC denotes the polariton-polariton interaction rate, gR is the polaritonreservoir interaction rate, γC the polariton loss rate and R describes the stimulated scattering
rate between the reservoir and the condensate. In this model we neglect the spontaneous
scattering. Eq. (2.90b) describes the dynamics of the exciton reservoir, where P is the external
pumping rate of excitons and γR is the reservoir loss rate. Some models include the omitted a
term describing a diffuse of the reservoir, i.e ∇2 nR (r, t), which is usually negligible.
Above the threshold pumping rate P > Pth = γC γR /R, the homogeneous solution for the
condensate exists ψ(r, t) = ψeiµ0 t with the reservoir density nR (r, t) = n0R = γC /R, where
µ0 = gC |ψ0 |2 + gR n0R . One can obtain the density of the polariton condensate as
|ψ0 |2 =

γ
P
− R.
γC
R

(2.91)

In the alternative model, exciton-polaritons can be described using a single equation, which
was introduced by J. Keeling and N. Berloff(2008) [48]. Here we present the model in the
shape, according to [18]
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1 + |φ(r,t)|

(2.92)

nS

Here, ω0 denotes the oscillation frequency, m0 is the lower polariton effective mass, g0 is the
polariton interaction coefficient, P0 describes the effective external pumping rate and nS is the
saturation density.
Eq. (2.92) is close to the important Complex Ginzburg-Landau Equation (CGLE). This
equation describes nonlinear phenomena in a wide range of systems and many phenomena (i.e.
stability, chaos, spatiotemporal intermittency) depending on the parameters. The CGLE is
given by
i



∂
φ(r, t) = A − B∇2 + C|φ(r, t)|2 + i D − E|φ(r, t)|2 φ(r, t).
∂t

(2.93)
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In the case of polariton condensates, A denotes the energy offset (it could be removed using the
rotating frame φ(r, t) = φ(r, t)eiAt ), B is the dispersion coefficient, C is the interaction coefficient, D describes the difference between the external pumping rate and linear losses, and E is
p
the nonlinear loss coefficient. A stable uniform solution exists (φ(r, t) = D/Eei(A+CD/E)t )
if parameters B, C, D, E are positive.
Despite significant differences, the above descriptions are equivalent assuming that the
exciton reservoir adiabatically follows the density of the condensate. Considering the steady
state ṅR = 0, one can derive the dependence of nR from Eq. (2.90b) on the condensate density

nR (r, t) =

P (r, t)
.
R|ψ(r, t)|2 + γR

(2.94)

Moreover, knowing the steady state solutions of the Gross-Pitaevskii equation coupled with
reservoir equations, i.e. Eq. (2.91) the relationships between coefficients of all three models
can be determined. The analysis of these equations in this context is presented in [11].
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Chapter 3

Exciton Polaritons in Diluted
Magnetic Semiconductors
In this chapter, results on exciton-polariton condensation in semimagnetic semiconductors, also
called diluted magnetic semiconductors (DMS), are presented. These materials are described
in Section 3.1 with particular emphasis on their magnetic properties. Next, in Sections 3.2 and
3.3, polariton condensation in DMS is described and Bogoliubov-de Gennes approximation is
applied in the considered case. Finally, predictions of magnetic self-localization and polaron
formation are demonstrated in Section 3.4.

3.1

Diluted Magnetic Semiconductors

Semiconductor conductivity and other properties can be substantially changed with a slight
modification of elements composition. This allows to fabricate many types of semiconductors
for specific applications, including those used in electronic components and circuits that have
revolutionized the industry. Of particular interest are diluted magnetic semiconductors also
called semimagnetic semiconductors. They are obtained by incorporating a small number of
magnetic ions in the crystal structure. The most often used ion is manganese Mn2+ , since it
has a high value of total spin J = 5/2. The most popular semimagnetic semiconductors are
based on cadmium telluride Cd1−x Mnx Te and gallium arsenide Ga1−x Mnx As with the addition
of manganese atoms. Here x denotes the mole fraction of magnetic ions and it is commonly
between 0.005 < x < 0.3 [30, 33].
39
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3.1.1

Band Structure of Cd(Mn)Te

To describe a semiconductor crystal, electronic band theory is typically used. Discrete energy
levels of electrons shared between atoms result in continuous bands in function of quasimomentum, and form the prohibited energy band gaps. In the case of semiconductors, Fermi level
lies in the gap between allowed bands. The gap in semiconductors is not large compared to
typical insulators, usually it is assumed that it should be smaller than 4 eV. Introduction to
solid state theory is presented, for example, in excellent handbooks Solid State physics by Neil
W. Ashcroft and N. David Mermin and Introduction to Solid State Physics by Charles Kittel.
In this thesis, cadmium telluride compound doped with manganese atoms is considered. The
CdTe semiconductor has a direct gap, which means that the maximum of the valence band and
the minimum of the conduction band are characterized by the same quasimomentum. Electrons
and holes from these bands can directly recombine, emitting a photon, while preserving the
wavevector–conservation principle.
Since CdTe has a zincblende crystal lattice structure, its valence band splits into three subbands named the heavy-hole, light-hole, and spin-orbit split-off bands. The heavy and light
hole bands are degenerate at k = 0. Since heavy holes have larger effective mass, their density
of states is much higher than for light holes, therefore it is the heavy holes that dominate in
valence band extremum properties.
In Fig. 3.1 the band structure of Cd0.9 Mnx 0.1Te [56] is shown.

Figure 3.1: Band structure of Cd0.9 Mnx 0.1Te. At Γ point (k = 0), there are conduction bands
labelled Γ(6,7,8)c and valance bands: degenerate heavy hole and light hole bands labelled Γ8v
and the spin-orbit split-off band, labelled Γ7v . This band structure was presented in [56].
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Magnetic Effects in Semiconductors

Energy levels of an atom placed in a magnetic field are split due to the Zeeman effect. In
homogeneous field, the torque acts on a magnetic dipole (τ = µ × B), causing its preccesion
around the direction of the magnetic field vector. The energy correction associated with the
interaction of a magnetic moment µ with magnetic field B, when the field is directed along the
z-axis, is

∆EmJ = −µJ · B = −|µJz |B = mJ gJ µB B,

(3.1)

where µJz is the z-axis projection of the J-axis component of the magnetic moment (see
Appendix C), the magnetic field B is aligned along the z-axis, mJ is the quantum number
related to the z component of the total angular momentum operator J and gJ is the Landé
g-factor

gJ = 1 +

J(J + 1) + S(S + 1) − L(L + 1)
,
2J(J + 1)

(3.2)

which depends on orbital L and spin S angular momenta. Since orbital and spin moments
have different gyromagnetic ratio, the total magnetic moment µ is not antiparallel to the total
angular momentum J unless spin angular momentum S is equal to zero.
Zeeman splitting removes the degeneracy of energy levels with respect to mJz . The effect
is used for experimental measurement of quantum numbers in magnetic field and is the basis
of Nuclear Magnetic Resonance (NMR), Electron Paramagnetic Resonance (EPR), Magnetic
Resonance Imaging (MRI) and Mössbauer spectroscopy.
In the case of strong magnetic fields, the spin-orbit interaction ceases to dominate over
magnetic field effects. The spin and orbital magnetic moments perform precession around B
independently. The energy splitting term is then

∆EmL ,mS = (mL + 2mS )µB B,

(3.3)

where mL and mS are quantum numbers related to the z component of the orbital and spin
angular momentum, respectively. This phenomenon is called the Paschen-Back effect.
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3.1.3

Ion-Carrier Exchange Interaction

Diluted magnetic semiconductor can be considered as an ordinary semiconductor with strong,
localized magnetic moments. It retains its the semiconductor properties and gains a strong
magnetic response, thus a standard theory of electronic band structure can be applied. Introduction of magnetic ions adds a new interaction to the system called the spin-exchange
interaction. The Hamiltonian can be expressed as

Ĥ = −

~2 2
∇ + V (r) + ĤM .
2m∗

(3.4)

Here, single-particle approximation and effective mass approximation are used. Spin interaction, which is absent in the description of diamagnetic semiconductors, corresponds to the
term HM . It results from the exchange interaction of d-type electrons of magnetic ions with
s-type conductive elections or p-type valance holes. The approximate form of the interaction
is [14, 33]
ĤM = −J

X
i

δ(r − Ri )σ · Si ,

(3.5)

where J is the exchange interaction integral, σ and Si are spin operators of the carrier and the
i-th ion, respectively, and δ(r−Ri ) denotes the Dirac function of the distance of the electron to
the magnetic ion [14]. This function approximates the real scattering potential, which decays
exponentially with the distance. Therefore, the potential be large for s-type electrons, and
low for p-type electrons. However, the p-d exchange integral becomes very large and has an
antiferromagnetic character. It is the p-d hybridization that results in the antiferromagnetic
Kondo-like interaction [10, 23]. In practice, delta function is used because the characteristic
length of electron and hole wavefunctions is larger than the spatial scale of scattering on
magnetic ions.
Within the virtual crystal approximation, Eq. (3.5) becomes

ĤM = −JN0 xσhSi,

(3.6)

where J ∼ α is the exchange integral for carriers, hSi is the average spin of the magnetic ion,
x is the ion mole fraction, and N0 is the number of unit cells per unit volume. The product
N0 xhSi is proportional to macroscopic magnetization of the crystal. The exchange integral
for conduction band is always ferromagnetic (J>0), for holes it is usually antiferromagentic
(J<0), but it can be ferromagnetic in Cr-based II-VI diluted magnetic semiconductors [57].
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The semiconductor becomes magnetic since spins of electrons and magnetic ions are coupled.
Therefore, all effects related to electron spin should be different in semimagnetic semiconductors
with respect to typical semiconductors, especially at low temperatures and in strong external
magnetic fields. Indeed, in the presence of magnetic field, magnetic moments of the ions are
ordered and strongly affect electrons of conduction and valance bands. It causes the effective
enhancement of the influence of magnetic field on electrons, and leads to phenomena such as
giant Faraday effect or giant Zeeman effect. Effective band electron Zeeman splitting can be
even two orders of magnitude larger than in diamagnetic semiconductors [33, 65].

3.1.4

Exchange Interaction Between Magnetic Ions

In diluted magnetic semiconductors, there is also an interaction between magnetic ions. Their
magnetic moments can couple with each other directly or via valance band electrons. One of
the simplest quantum descriptions of two interacting spins (S1 , S2 ) is using the Heisenberg
Hamiltonian [33]
Ĥ = −JS1 · S2 ,

(3.7)

where J is the coupling strength, and its sign determines the type of magnetism. For positive
J, nearest-neighboring spins tend to align in parallel, which leads to ferromagnetic ordering,
and for negative J they align as in antiferromagnets [87].
In (Cd,Mn)Te, this d-d exchange interaction is indirect, short-range and antiferromagnetic.
The antiparallel alignment of spins can reduce magnetization, especially for large manganese
fraction, when the average distance between ions is small.

3.1.5

Magnetization of Semimagnetic Semiconductors

The physical quantity that describes a magnetic material is the magnetization, called also the
magnetic polarization. It is formally defined as a vector field of the density of magnetic dipole
moments in a material. In (Cd,Mn)Te, magnetic moments of Mn2+ have dominant contribution
to the magnetization since CdTe is a diamagnetic. Magnetization in a typical DMS increases
linearly at low magnetic field and saturates for stronger fields. The mean magnetic moment
hmi of a dipole can be calculated in the canonical ensemble
hmi = µB gM

J
1 X x
je ,
Z
j=−J

(3.8)
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Figure 3.2: Brillouin function is a special function, which describes the magnetization of a
paramagnet. It tends to −1 at x → −∞ and to 1 at x → ∞, at x = 0 it is equal to zero, and
is approximately linear near x = 0.

where J is the total magnetic moment and Z is the partition function

Z=

J
X

ex ,

and x =

j=−J

jgM µB B
.
kB T

(3.9)

In terms of average spin per magnetic ion, magnetization is given by

hM i = nM hmi = nM µB gM JBJ

gM µB JB
kB T


,

(3.10)

where nM is the concentration of magnetic ions gM is the magnetic ions gyromagnetic factor,
µB is the Bohr magneton, T is the ion subsystem temperature, and B is the magnetic field
strength. The Brillouin function BJ (x) is defined as [31] (see also Fig. 3.2)
2J + 1
coth
BJ (x) =
2J






2J + 1
1
1
x −
coth
x .
2J
2J
2J

(3.11)

The derivation of Eq. (3.10) is provided in Appendix C. It is worth to mention that Mn2+ has
no orbital magnetic moment (J = S = 5/2), so only spin magnetic moment should be taken
into consideration.
The adequacy of the Brillouin function is the better the more diluted magnetic ions are.
Due to dipole-dipole interactions, the linear dependence on their concentration breaks down.
Temperature correction and effective spin saturation can be introduced to achieve an improved
fit to experimental data [33].
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3.1.6

Effective magnetic field

Here, we investigate the diluted magnetic semiconductor Hamiltonian and show that interaction
of ions with excitons causes that magnetic ions feel an additional effective magnetic field. As
depicted in 3.1.3 and 3.1.4, the Hamiltonian of a semimangetic semiconductor can be written
as
H = H0 (r) + J

N
X
j=1

σ·Sj δ(r − Rj ) +

X
j>j 0

Jjj0 Sj · Sj0 ,

(3.12)

where N is the number of magnetic ions in the crystal, Sj is the j-th magnetic ion spin operator,
σ is the carrier spin, Rj is the j-th magnetic ion position, and H0 (r) contains the potential
and kinetic energy of the carrier. According to [32], exchange interaction splits the Γ8 band of
heavy and light holes into four branches separated by βM0 /3gM µB factor, where β is the p-d
exchange integral.
Examining the effect of excitons, one should leave the d-d interaction term and consider
only the sp-d exchange term. Including only the scattering between heavy and light hole bands
and neglecting the spin-orbit split-off band gives [33]

Hex = −

N
βX
σ·Sj δ(r − Rj ).
3 j=1

(3.13)

The complete wave function of the system can be factorized into carrier orbital ψ(r) function,
carrier spin χ(σ) function, and magnetic subsystem wave function M
Ψ = ψ(r)χ(σ)M.

(3.14)

One can calculate the expectation value of Eq. (3.13) for carrier states as
Z
N Z
βX
hψχ|Hex |χψi = −
dr dσ ψ(r)χ(σ)σ·Sj δ(r − Rj )χ∗ (σ)ψ ∗ (r)
3 j=1
Z
N
βX
2
=−
|ψ(Rj )| Sj · dσ χ(σ)σχ∗ (σ)
3 j=1
=−

N
βX
|ψ(Rj )|2 Sj · hσi .
3 j=1

(3.15a)
(3.15b)
(3.15c)

Equation (3.15c) has a form similar to the single-spin term in the magnetic field coupling
Hamiltonian
H = −Bex

X
j

gj µB Sj .

(3.16)
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The effective exchange field Bex that acts on the ion spin Sj can be introduced (for a uniform
Lande factor gM )
Bex =

β|ψ(Rj )|2 hσi
.
3gM µB

(3.17)

By treating the magnetic medium as continuous, all properties depend on the average magnetic
ion concentration, and one can write

Bex =

β|ψ(r)|2 hσi
.
3gM µB

(3.18)

Equation (3.18) is an effective field that is caused by excitons and acts on magnetic ions.
Therefore, the total effective magnetic field can be described as a sum of the external magnetic
field B0 and the exchange field Bex .

Beff = B0 + Bex .

3.2

(3.19)

Exciton Polariton Condensate in Diluted Magnetic Semiconductors

In the previous section, the interaction between magnetic ions and charge carriers was described. Here, the description of interaction of polaritons with magnetic ions will be introduced.
The interaction between ions and polaritons is via the excitonic component, thus one has
to multiply the exchange field in Eq. (3.18) by the excitonic Hopfield coefficient (2.72). The
wave function in Eq. (3.18) has to be the one describing polaritons. Since exciton-polaritons
have two polarizations connected with the spin of excitons (see 2.2.7), one should take the
polarized part (|ψ+ |2 ) with exciton spin along the magnetic field with a positive sign (it has a
positive contribution to the exchange field), and the anti-parallel polarized part (|ψ− |2 ) with
a negative sign (has a negative contribution).
Lastly, according to [6], which considers magnetic polarons of excitons in diluted magnetic
semiconductors, the exchange field caused by holes is dominant, since hole-ion exchange interaction is five times stronger then electron-ion exchange interaction. Therefore, the value of
this operator can be taken as for a heavy hole, that is can take values ±3/2. The effective
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exchange field is then approximately

Bex =

β|X |2 (|ψ+ (r)|2 − |ψ− (r)|2 )
.
2gM µB

(3.20)

In result, the total effective field Beff is typically presented in the form

(3.21)

Beff = B0 + λSz ,

where B0 is the external magnetic field, Sz is the 1/2-pseudospin density defined as

Sz =

1
(|ψ+ |2 − |ψ− |2 ),
2

(3.22)

and λ is a factor that characterises the strength of interaction between magnetic ions and
polaritons [80]. One should bear in mind that in the case of two-dimensional excitons, there
is an effect related to dimensionality. In a narrow quantum well, exciton wave function is
squeezed in one dimension, so instead of |ψ|2 , |ψ|2 /Lz should be used, where Lz is the effective
width of the exciton, related to quantum well width. In result, we have

λ=

β|X |2
,
µB gM Lz

(3.23)

where Lz is the quantum well width. Polaritons interact with magnetic ions through the
exchange field, where the main role is played by the degree of polarization and the interaction
strength λ.

3.2.1

Model of a Condensate

Exciton-polariton condensate in a diluted magnetic semiconductor can be described with the
two-dimensional generalized complex Ginzburg-Landau equation [63, 80]. In addition to the
standard terms as in description of other types of condensates, magnetic interaction term is
present i.e. σλM ψ. It is proportional to the magnetic-ion polariton coupling strength λ, the
mean magnetization hM i and depends on the sign of the polariton spin σ. The complete
evolution equation reads
(2d)

i~

∂ψσ
∂t

=−

~2
2m∗



∂2
∂2
+
∂x2
∂y 2

−iγNL |ψσ(2d) |2 ψσ(2d)

−



(2d)

ψσ(2d) + g1 |ψσ(2d) |2 ψσ(2d) + g2 |ψ−σ |2 ψσ(2d)

σλM ψσ(2d)

+

iP (x, y)ψσ(2d)

1
− i γL ψσ(2d) ,
2

(3.24)
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where m∗ is the polariton effective mass, g1 and g2 are the spin-parallel and antiparallel polariton interaction constants, respectively, γL and γNL are the linear and non-linear loss coefficients,
respectively, and P (x, y) is the spatially dependent external pumping rate.
In this thesis, we take into consideration the one-dimensional model, which describes a
condensate trapped in an elongated channel potential. In experiment this is usually achieved
by trapping the condensate in a nanowire or in a disorder potential valley. Reducing the 2D
(2d)

problem to 1D is formally performed by adding the trapping potential term V (y)ψσ

term to

Eq. (3.24). In the case of a tight and strong harmonic trapping potential, we can separate the
wave function along the squeezed dimension

ψσ(2d) (x, y, t) = ψσ (x, t)φσ (y)e−iµt ,
y2

φσ (y) = Ae− ω2 ,

(3.25)
(3.26)

where µ is the chemical potential and φσ (y) is the solution of the harmonic trapping Hamiltonian
~µφσ (y) =

~2 ∂ 2
φ(y) + V (y)φ(y).
2m∗ ∂y 2

(3.27)

Multiplying both sides by φ∗ (y), integrating with respect to y coordinate, and using the above
solution, allows to reduce Eq. (3.24) to a single dimension. The complete derivation is presented
in Appendix D.

i~

∂ψ
~2 ∂ 2 ψ
1
=− ∗
+ gC |ψ|2 ψ − iγNL |ψ|2 ψ − λM ψ + iP (x)ψ − i γL ψ.
2
∂t
2m ∂x
2

(3.28)

In the above simple form, the fully spin-polarized case is considered, thus there is only one
equation for ψ with the σ = +1 polarization, and the other component is assumed to vanish.
Note that parameters and quantities that depend on the dimensionality have changed their
values due to the reduction to one dimension, see Appendix D.
Moreover, to describe the evolution of the magnetization, one can use a relaxation equation
for M . Magnetic ions relax to equilibrium state within the time scale τM , which is the spin
relaxation time
∂M (x, t)
hM (x, t)i − M (x, t)
=
.
∂t
τM

(3.29)

The distribution of magnetic ions and temperature are assumed to be homogeneous in the
entire sample, therefore the mean magnetization depends only on the local value of polariton
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density and external magnetic field

hM i = nM µB gM JBJ

3.3

gM µB Jλ|ψ|2
g µ JB0
+ M B
2kB T
kB T


.

(3.30)

Bogoliubov-de Gennes Stability Analysis

Most of the wave phenomena in physics can be described with nonlinear models. In principle, such models are difficult to solve and usually have no exact solutions, except for several
models such as Korteweg–de Vries equation or the nonlinear Schrodinger equation. However,
it is usually possible to perform perturbation analysis, which consists of finding stationary
points, determining the behavior of small perturbations and their stability and considering the
evolution in phase space (e.g. Lyapunov function method [82]).
From now on, original research results are given. The method of small amplitude perturbations is presented, in the particular form of the Bogoliubov-de Gennes approximation. The
method consists of investigating the effect of small linear perturbations on stationary solutions.
By examining the modes in momentum space, a straightforward procedure allows to determine
if the system remains stable or develops instability.

3.3.1

Fully Polarized Condensate

In this subsection, Bogoliubov-de Gennes approximation is applied to fully spin-polarized semimagnetic polariton condensate. It is convenient to perform the analysis in the dimensionless
form of the model. One starts with the transformation of Eqs. (3.28) and (3.29) by rescaling time, space, wavefunction amplitude and other system parameters as t = αt̃, x = ξ x̃,
ψ = (ξβ)−1/2 ψ̃, gC = ~ξβα−1 g˜C , Peff = ~α−1 P̃ , γNL = ~ξβα−1 γNL
˜ , M = ζ M̃ , λ = ~α−1 λ̃.
Then, the obtained dimensionless form is given by (hereafter the tildes are omitted)

i

∂2ψ
∂ψ
= − 2 + gC |ψ|2 ψ + iP ψ − iγNL |ψ|2 ψ − ζλM ψ,
∂t
∂x


∂M
α 
=
JBJ δλ|ψ|2 − M ,
∂t
τM

(3.31)
(3.32)
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where ξ =

p
~α/2m∗ , ζ = gM µB nM , δ =

gM µB J ~
2kB T αβξ

and α, β are free parameters. Stationary

solutions of Eqs. (3.31) and (3.32) have the form

ψ0 =

√

ne−iµt ,

M0 = JBJ (δλ|ψ0 |2 ).

(3.33)
(3.34)

Fluctuations around a stationary state can be expressed as a perturbation in the plane wave
basis
√

i
h
X
u(t)eikx + v(t)e−ikx ,
ne−iµt 1 + 
i
h
X
M (x, t) = M0 1 + 
w(t)eikx + w∗ (t)e−ikx ,

ψ(x, t) =

(3.35)
(3.36)

where  is a small parameter, and uk , vk , wk are perturbations of the stationary solution.
Substituting Eqs. (3.35) and (3.36) into (3.31) and (3.32) with  = 0 one obtains the equation
for the chemical potential

µ = gC n + iP − iγNL n − ζλM.

(3.37)

Taking into account the condition of stationary density, the non-conservative terms have to
cancel out (n = P/γNL )

µ = gC n − ζλM.

(3.38)

The linearized solution can be obtained by taking  up to the first order, expanding Brillouin
function around ψ0 up to the first order and comparing terms with eikx and e−ikx
du
= k 2 u + gC nu + gC nv ∗ − iγNL u − iγNL v ∗ − ζλM0 w,
dt
dv ∗
i
= −k 2 v ∗ − gC nv ∗ − gC nu − iγNL v ∗ − iγNL u + ζλM0 w∗ .
dt
i

(3.39)
(3.40)

In the eikx terms in the equation for magnetization, Taylor series expansion of Brillouin function
around ψ0 is taken up to the first order, leading to

αδλ|ψ0 |2 BJ0 δλ|ψ0 |2 (u + v ∗ )
dw
α
i
=i
− i w.
dt
τM M 0
τM
Eqs. (3.39), (3.40) and (3.41) can be rewritten in the matrix form

(3.41)
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Figure 3.3: Examples of imaginary parts of eigenfrequencies of Bogoliubov modes in the unstable regime. (a) Typical excitation spectrum; spin relaxation time is τM = 10−10 s. The unstable
branch exhibits a positive imaginary part. (b) Large instability rate at τM = 2.5 × 10−14 s.
  
2
 u   k − iγNL n + gC n



d

i 
v∗ 
 =  −iγNL n − gC n
dt 
  
αδλ|ψ0 |2 BJ0 (δλ|ψ0 |2 )
w
i
τM M0
|

 
−ζλM0   u 
 
 ∗
−k 2 − iγNL n − gC n ζλM0 
 v  .
 

αδλ|ψ0 |2 BJ0 (δλ|ψ0 |2 )
α
w
i
−i
τ M0
τM
{z M
}
−iγNL n + gC n

(3.42)

Bogoliubov matrix Q

The general solution of Eq. (3.42) is

uk (t) = uk exp−iωk t .

(3.43)

From the point of view of stability analysis, only the imaginary part of ωk is significant.
Positive imaginary part of ωk means that the perturbation is growing exponentially (there
is an exponent with a positive real power), while negative imaginary part means that the
perturbation is decaying, and the real part of ωk only affects on the phase uk (t). The system
becomes unstable when there exists at least one wavevector k such that =(ωk ) has a positive
value. In this case the k-mode develops into instability. Numerical solutions of the imaginary
part of Eq. (3.42) for two values of spin relaxation time are presented in Fig. 3.3.
To determine stability one has to solve the eigenvalue problem det(Q−ωI) = 0 in the entire
momentum space
3

ω +i






α
α
2
4
2
+ 2γNL n ω − k + 2k gC n + 2γNL n
ω=
τM
τM
α
α
α
= i k 4 + 2ik 2 gC n
− 2ik 2 ζλ2 δ BJ0 (δλn)n.
τM
τM
τM

(3.44)

Following the method of [83], we derive analytically the condition for stability. The calculation
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consists of the analysis of zero-frequency crossings of =(ω(k)). First, one needs to find =(ω(k))
value at k = 0 and k → ∞. Setting k = 0 it is easy to calculate that ω1 (0) = 0, ω2 (0) = −i τα

M

and ω3 (0) = −2iγNL n. In the k → ∞ case, it is convenient to perform the expansion of k and
ω in the small  terms

k = k(0) −1 ,

(3.45)

ω = ω(0) −2 + ω(1) 0 + ω(2) 2 .

(3.46)

Note that ω is symmetric in k, thus there are only even powers of . Substituting these relations
to the eigenvalue problem, one has to consecutively compare terms with −6 , −4 and −2 to
determine that ω(k → ∞) as ω1 (k → ∞) ≈ −i τα and ω2,3 (k → ∞) ≈ ±k 2 − iγNL n.
M

We are only interested in the imaginary part of eigenvalues. There are three branches, of
which two have negative imaginary part of ω(k = 0) and for the third one ω(k = 0) is always
zero. However, for ω(k → ∞) there are always three eigenvalues with negative imaginary
part. Only the branch that connects the ω(k = 0) = 0 with the negative ω(k → ∞) can take
positive values in the limited range of k, while the other two branches are always non-positive
for the whole k range (see Fig. 3.3). This is due to the fact that =(ω(k)) is a fourth-order
polynomial of k and it has up to four roots. The ω(0) = 0 is a double root and the third (and
the symmetric fourth at −k) is the one that is being sought. If it exists, it means that there
is instability because of the presence of positive values of =(ω) on one side of the root. The
other two branches are symmetric and have negative values at k = 0, k → ∞ and k → −∞ so
they cannot cross the zero-axis.
To find the crossing point, one inserts =(ω) = 0 and <(ω) = Ω into Eq. (3.44), which have
to be satisfied simultaneously. The real part of the equation is



α
Ω Ω − (k + 2k gC n + 2 γNL n) = 0,
τM
2

4

2

(3.47)

and the imaginary part is



α
α 4
α
+ 2γNL n Ω2 −
(k + 2k 2 gC n) + 2 ζλ2 δJ BJ (δλn)k 2 = 0.
τM
τM
τM

(3.48)

For physical (i.e. positive) parameter values Eqs. (3.47), (3.48) can be fulfilled at the same time
only when Ω = 0. Then, Eq. (3.48) leads to
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Figure 3.4: Diagram of stability shown in coordinates of the ion-polariton coupling constant λ
and the spin relaxation time of magnetic ions τM . Stability limits are calculated analytically.
Color scale represents the instability rate according to the Bogoliubov-de Gennes approximation. Cyan color represents a stable system (it is symbolically expressed by “0” instability rate
on the logarithmic scale).


k 2 k 2 + 2gC n − 2ζλ2 δJ BJ (δλn) = 0.

(3.49)

The stability condition can be obtained from (3.49) since the system is stable if the above
equation is not satisfied for all k, i.e. when

gC n − ζλ2 δJ BJ (δλn) > 0,

(3.50)

which expressed in physical units is

λ

2

BJ0



gM µB
λnJ
2kB T


<

2gC kB T
2 µ2 J 2 .
nM gM
B

(3.51)

The inequality (3.51) is not fulfilled in the particular range of λ that is depicted in Fig. 3.4.
This Figure shows the largest eigenvalue of the unstable branch, κ = max(Im ω(k)). For
non-positive values cyan color is used. These numerical results are fully compatible with the
analytical result. Surprisingly, the critical values of λ at the limits between stable and unstable
phases do not depend on the spin relaxation time τM . The spin relaxation time determines
only the rate of instability [63].
Additionally, it is very interesting how the extent of the unstable regime depends on physical
parameters. In Fig. 3.5 stability diagrams in the parameter space of temperature versus ionpolariton interaction constant for two different values of magnetic field are presented.

54 CHAP. 3. EXCITON POLARITONS IN DILUTED MAGNETIC SEMICONDUCTORS

1012

3

4

108

3

106

2
1

1014

5

1010
T (K)

4
T (K)

b)

104

2

102

1

1012
1010
108
106
104
102

1

1

10-12 10-11 10-10 10-9 10-8 10-7

10-12 10-11 10-10 10-9 10-8 10-7

λM (T m)

λM (T m)

Figure 3.5: Diagrams of stability shown in coordinates of the ion-polariton coupling constant
λ and temperature T . (a) The case without magnetic field; (b) the case with magnetic field
B = 1 T. Color code and parameters are the same as in Fig. 3.4.
As it can be noticed, in stronger magnetic field stability is increased, in particular for small
temperatures. It is due to stronger spin orientation in magnetic field that overcomes thermal
fluctuations.

3.3.2

Partially Polarized Condensate

In the previous subsection, calculations for the fully polarized condensate was presented. In
reality, exciton-polariton condensate consists of two components, i.e. ψ+ and ψ− , that correspond to the appropriate circular polarization of photons σ = ±1. The allowed values of σ
are consequences of the two possible values of the photon spin. Therefore, only excitons with
the spin projection value of ±1 are optical active and condense in a microcavity. The ratio of
ψ+ and ψ− populations can be modified by changing the degree of circular polarization of the
pumping laser.
Equation (3.52) below describes a condensate including the spin degree of freedom. It
should be noted that magnetization affects ψ+ and ψ− components differently through the
last term. Additionally, it is necessary to include the energy relaxation, i.e. the (1 + iΓ)
term [13, 64, 72], which causes the excited states to relax to the lower energy states and, in
consequence, results in spin-flips between ψ+ and ψ− components
∂ψσ
~2 ∂ 2 ψσ
=− ∗
+ g1 |ψσ |2 ψσ + g2 |ψ−σ |2 ψσ
∂t
2m ∂x2
1
+iP ψσ −i γL ψσ − iγNL |ψσ |2 ψσ − σλM ψσ .
2

i(1 + iΓ)~

(3.52)

The occupation of |ψ+ | and |ψ− | components should be equal in the absence of magnetic

κ(s−1 )

1014

5

κ(s−1 )

a)
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Figure 3.6: Pseudospin polarization degree of a homogeneous condensate shown in coordinates
of the magnetic field B and the inverse of energy relaxation coefficient 1/Γ at 0.1 K temperature.
Black and blue lines are analytical thresholds of full condensate polarization (Sz = N/2) in the
weak and strong magnetic field limits, respectively. The dependence of the polarization degree
on 1/Γ allows to interpret it as an effective nonequlibrium “temperature”.

field and balanced pumping. However, in a finite homogeneous field, spin-flips can lead to spin
imbalance. Therefore the ratio of |ψ+ | and |ψ− | components depends on the magnetic field
and it can be derived from the stationary condition for the chemical potential. In Figure 3.6
polarization density is shown in function of the relaxation coefficient Γ and magnetic field B.
Analytical calculations predict that the condensate becomes fully polarized at certain magnetic
field threshold. These calculations are presented in [64]. In Figure 3.6 there are two lines that
correspond to the analytical calculations in two limits. The blue line in the limit of large B,
in which the Brillouin function is practically saturated, and the black in the limit of small B
when the Brillouin function can be linearized.
Applying the Bogoliubov-de Gennes approximation and finding an analytical condition for
stability is also possible in the partially polarized case. Due to the existence of the second
component, there are five branches in the dispersion, two originating from each of the polarizations and one from the magnetization. Imaginary parts of eigenfrequencies of four branches
decrease with k because of the energy relaxation. As in the fully polarized case, one branch
is responsible for instability. An example of dispersion is presented in Fig. 3.7. The condition
for stability in the partially polarized case is given by [64]

λ

2

BJ0




(g1 − g2 )kB T
gM µB
Jλ(n+ − n− ) <
2 µ2 J 2 .
2kB T
nM gM
B

(3.53)

It significantly depends on the λ coefficient, temperature, density of magnetic ions, and weakly
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Figure 3.7: Example of the imaginary part of eigenfrequencies ωk of Bogoliubov excitations for
parameters corresponding to Fig. 3.11(a).

on the difference of densities of polariton components.
In the limit of small ion-polariton coupling constant λ the derivative of Brillouin function
BJ0 takes a constant value. Moreover, it can be clearly seen that the stability condition does not
depend explicitly on the energy relaxation coefficient Γ. The left border of stability, marked
with circles and crosses, in Fig. 3.8(b) depends on polarization (whether the state is fully or
partially polarized). The stability limit depends on the Γ coefficient only in an indirect way,
and jumps when the polarization of the state changes. Energy relaxation coefficient influences
the overall density of polaritons that is the Brillouin function argument. As a result, the left
border of instability, in Fig. 3.8(b) depends on Γ. As discussed in detail in [64], derivation of
the condition is valid when (g1 + g2 ) > 0, which is always satisfied in polariton condensates.
Stability diagrams in parameter space of the temperature (notice the logarithmic scale),
the ion-polariton interaction coefficient λ and the relaxation rate Γ versus λ are shown in
Fig. 3.8. Discontinuities of the stability threshold in Figs. 3.8(a,b) can be noticed. They occur
at the transition from the partially polarized to the fully polarized regime, and result from the
reduction of the number of available degrees of freedom for excitations in the fully polarized
case. Indeed, comparing stability conditions for the partially and fully polarized cases, one can
realize that the first one, Eq. (3.53), is stronger than the second one, Eq. (3.51). On the right
hand side in the numerator in the partially polarized condition instead of 2g1 there is g1 − g2 ,
thus the condensate becomes unstable at a lower value of the coupling constant λ. The ratio of
critical values of the ion-polariton interaction constants in both cases can be estimated in the
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Figure 3.8: Diagrams of stability in coordinates of (a) the ion-polariton coupling constant λ and
the temperature T and (b) the ion-polariton coupling constant λ and the energy relaxation rate
Γ. Red line corresponds to the boundary between fully and partially spin polarized condensates
as predicted by the homogeneous state analysis. Polaritons are partially polarized on the lefthand side and fully polarized on the right-hand side. Crosses and dots mark the theoretical
predictions of stability threshold for fully and partially polarized cases, Eqs. (3.51) and (3.53),
respectively. Magnetic field B = 0.01 T and temperature T = 0.1 K.

limit of small λ when the derivative of the Brillouin function is approximately constant [64]
λF
=
λP

r

2g1
,
g1 − g2

(3.54)

where λF denotes the critical ion-polariton interaction constant in the fully polarized case and
λP in the partially polarized case. The jump of the stability threshold is approximately equal
√
to 2 since in practice the intercomponent coupling constant g2 is typically much smaller than
g1 .

3.4

Self-localization effect

This section presents specific examples of the evolution of exciton-polariton condensates. Interestingly, polaritons in this system tend to accumulate in a self-localized state in a certain
range of parameters. Self-localization is a nonlinear phenomenon where the system prefers to
be in a self-trapped state due to interaction between particles, as this lowers the total energy of
the system. Examples include solitons in fluids, optical solitons, self-trapped atomic condensates, vortices, and Skyrmions in high energy physics. In Section 3.4.1 we present self-localized
states in the fully polarized case of semimagnetic polaritons and in Sec. 3.4.2 in the partially
polarized case.
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Previous research on self-localization in semimagnetic polariton condensates
In [80] the authors predicted self-localization phenomenon in exciton-polariton condensate of
diluted magnetic semiconductors microcavities. By studying the properties of superfluidity,
they determined the phase diagram including polarization of the condensate in function of
external magnetic field and temperature. The authors described polariton-magnetic ion interaction, presented its interplay with polariton-polariton interaction, and simulated evolution of
a two-dimensional exciton-polariton condensate in which a magnetic polaron is formed. This
theoretical prediction was entirely based on an equilibrium model that does not take into account drive and dissipation and assumes condensation in the ground state. Here, in this thesis,
we describe self-localization effects that are revealed due to the non-equilibrium nature of polariton condensates. In contrast to [80], our model is based on a complex Ginzburg-Landau
equation, with gain and loss terms. Spin relaxation mechanism is also added and investigated
in the partially polarized case.

3.4.1

Magnetic Polarons

In condensed matter physics the term polaron was originally used to describe an electron
strongly coupled to a cloud of surrounding phonon excitations of the crystal. Magnetic polaron
is a type of polaron that has been introduced to describe an impurity-bounded or self-trapped
state resulting from the interaction between a localized spin of a magnetic ion and carriers in
a DMS [33]. Magnetic polarons were first proposed by De Gennes in 1960 [22] and thoroughly
researched by many experimentalists and theorists [4, 24–26, 37, 47, 60].
Numerous studies on polarons have contributed to the development of many new analytical
and numerical techniques. Studies on polarons helped to understand e.g. the unusual behavior
of oxides and polar semiconductors. The polaron concept is used in photonic, photovoltaic, and
photochemical systems due to the fact that the physical properties of polarons are completely
different from individual charge carriers, which can lead to a change in electrical, optical, and
thermal transport properties in materials.
In the case of the considered system, self-localized states in an exciton-polariton condensate
have been also called magnetic polarons. The significant difference is that instead of electron,
the exciton-polariton condensate is interarcting with magnetic ions. Due to the bosonic character of a condensate, the phenomenon is collective since many ions and electronic excitations
interact with each other. Additionally, the open-dissipative polariton system is typically far
out of equilibrium. Section 3.3 shows that the main factor that causes instability leading to
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the formation of polarons is the magnetic ion-polariton interaction described with the constant
λ. In the following, examples of one-dimensional evolutions in stable and unstable regimes
are presented [63]. The initial state is a homogeneous state with density (n = |ψ0 |2 ) close to
the stationary state, perturbed with small white Gaussian noise. Let us consider the uniform
pumping case depicted in Figs. 3.9(a,b).
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Figure 3.9: Evolution of the norm |ψ|2 of the condensate wavefunction. Upper panels show the
case of uniform pumping; bottom panels show the case of Gaussian pumping. Panels on the
left show stable cases when λ < λC ; Panels on the right show unstable cases in which polarons
are formed. Parameters are given in [1].
In Figure 3.9(a) a simulated evolution of condensate, described with Eq. (3.52) is shown,
in the stable regime (low λ value) under uniform pumping. Magnetic ions subsystem tends to
equilibrium according to Eq. (3.29).
The condensate converges to the stationary state with density n = P/γNL that is the
condition of equivalence of gain and loss in the Eq. (3.31) of condensate dynamics, that is

iP ψ0 − iγNL |ψ0 |2 ψ0 = 0,
n = |ψ0 |2 =

P
.
γNL

(3.55)
(3.56)

At sufficiently low temperatures and high manganese concentrations, instabilities of the ho-
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mogeneous state can occur. The subsequent evolution leads to spatially localized polariton
states, which can be interpreted as magnetic exciton-polariton polarons, see Fig. 3.9(b). They
are characterized by high local exciton-polariton density and due to magnetic interaction, also
high ion magnetization [63, 80]. These polarons are almost stationary, do not evolve in time
after their formation except from small oscillations. We note that such localization is impossible in the absence of magnetic ions, due to the repulsive character of polariton-polariton
interaction.
In nonlinear systems such as this one, various types of evolution, from entirely random states
to highly localized polarons, can take place. Additionally, intermediate states characterized by
tree-like branching have been observed. While this is not the topic of this thesis, we refer to
the details of this process described in [12].
In Figs. 3.9(c,d) cases with a more realistic non-uniform pumping are considered, i.e. the
Gaussian shaped pump, in the two regimes, stable and unstable. In the stable regime, the
condensate evolves into a state which extent and shape are determined by the pump. On the
other hand, in the unstable regime, the beam size is reduced and the formation of a single
localized polaron is visible.

3.4.2

Spin Lattices

In this subsection, we consider the partially polarized case, where both |ψ|+ and |ψ|− components are taken into account [64]. In the unstable regime, see Eq. (3.53), polarons can also
emerge. In contrast to the single spin case, a regular lattice of polarons is formed. Polarons
appear in each polarization and are perfectly aligned in an antiferromagnetic configuration. In
Figure 3.10(a) an example of such a polaron lattice is depicted. One should notice that the
structure is very regular, which is caused by phase separation between spin-up and spin-down
components. The spin-down component density is lower due to the applied magnetic field. For
comparison, in Fig. 3.10(b) the polaron structure that appears when the condensate is fully
spin-polarized is shown. The arrangement of polarons, in this case, is less regular, they differ
in width and amplitude, which can be seen also in Fig. 3.9(b).
In Figures 3.11(a)-(d) typical dynamics of exciton-polariton condensates described by Eqs.
(3.52) and (3.29) is depicted.
As in the fully polarized case, in each polarization shown in Figs. 3.11(c,d) polarons emerge
from the stationary state with the addition of a small noise. Figure 3.11(b) shows the magnetization, which also has the alternating domains structure due to the antiferromagnetic
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Figure 3.10: (a) Example of the densities of σ+ and σ− components and the total density |ψ|2 =
|ψ+ |2 + |ψ− |2 in a “polaron lattice” state with alternating spin-up and spin-down domains. (b)
The same for a fully polarized case, a set of localized polarons is visible.
configuration of polarons. The snapshot presented in Fig. 3.10(a) corresponds to the state
after 200 ps of evolution shown in Fig. 3.11(a). The initial oscillations and fluctuations of
polarons become stabilized. The average distance between polarons can be estimated with
the Bogoliubov-de Gennes method, since the distance corresponds approximately to the most
unstable k-mode in the Bogoliubov dispersion relation of the unstable state [64].
The appearance of such an alternating structure could be used to distinguish the selflocalized polarons from inpurity-bound polarons, which would not appear in a regular pattern.
Additionally, formation of polarons depends on the magnetic field strength. With the increase
of magnetic field, spin-down components will become quenched and the character of the polaron
distribution and regularity will change. This is in contrast to hypothetical polarons localized
by the defects present in the sample, for which such behaviour is not predicted.

3.5

Summary

In this section, the effect of spin as the internal degree of freedom was presented. Two cases are
considered, i.e. the full and partial polarization cases. In the case of fully polarized condensate,
the possibility of the formation of magnetic polarons was predicted, under the absence of (or at
weak) magnetic field and very low effective temperature of the condensate. For the typical ion
densities and sizes of microcavities, this is an obstacle for possible experiments. It should also be
mentioned that the imperfections of samples were not taken into account in the calculations. In
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Figure 3.11: (a)-(d) Evolution of the exciton-polariton condensate leading to the formation of
the lattice from Fig. 3.10(a). Panels show: (a) total density |ψ|2 , (b) normalized pseudospin
2SZ /N , where N = |ψ+ |2 + |ψ− |2 , (c) density of the σ+ component and (d) density of the σ−
component. Parameters of the simulation are given in [2].
the case of partial polarization, the effect of the formation of polarons as alternating magnetic
domains is demonstrated. Moreover, a discontinuity at the transition from full to partial
polarization was noticed in the stability threshold, which can be associated with the change of
the number of degrees of freedom.

Chapter 4

Stability and Quasi-stability of a
Condensate with a Reservoir
In the previous chapter exciton-polariton condensates were discussed, taking into account the
degree of freedom related to exciton spin, or photon polarization. In this chapter, description
of the condensate is presented with the stress on the excitonic reservoir, which plays a similar
role of an internal degree of freedom in the system. In Section 4.4, the condition for stability of
exciton-polariton condensates in the case of homogeneous pumping is derived. Next, numerical
results are shown, where a quasistable regime appears in the case of pumping with a short
optical pulse.

4.1

Stability regimes

In physics, the vast majority of phenomena, processes, and interactions are described by nonlinear relationships. At the same time, to find a solution, linear approximations are often
used to a good approximation e.g. in the case of Hooke’s law, small amplitude vibrations, etc.
Linearization is also often used to investigate whether a stationary (quasi-stationary) solution
of a dynamical system described by differential equations is stable or not. When for a given
solution, after linearization, one obtains an equation of the type

i

∂x
= Ax,
∂t

(4.1)

then if the linear operator A contains eigenvalues with positive imaginary part, the system is
called linearly unstable, while if all eigenvalues have negative or vanishing imaginary part, the
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solution is linearly stable.
In this thesis the linearization approach is presented, which is very successful in examining
exciton-polariton condensates. In the case of an exciton-polariton gas, studying the range
of stable and unstable regimes is a fundamental issue, since obtaining a stable condensate
that is fully coherent in space, takes place in the stable regime. By examining the model of
a homogeneous condensate in one dimension, fundamental data can be obtained about the
range of parameters that allows a stable condensate to exist. Moreover, according to [13],
instability in the case of the homogeneous system indicates instability of a non-homogeneous
system. Stability of the condensate is significant for practical reasons i.e. for the manipulation
of condensate in order to implement devices based on the physics of polaritons such as lasers,
transistors, and gates. One of the goals of research on polaritons is to use them in the industry
at room temperature, which also requires system stability related to thermal fluctuations.
In physics, quasi-stationary states are also often considered, e.g. in thermodynamics quasistationary processes denote processes that consist of a series of equilibrium states through
which the system passes smoothly. In the case of quasi-stationary solutions, it is said that they
are almost stationary, i.e. for a period of time they do not change substantially.
Here, the examination of stability of exciton-polariton condensates as a function of its key
parameters is presented as well as the methods of condensate stabilization. In addition to the
analytical results, we investigate the evolution described the model equations and illustrate
both the evolution of exciton reservoir density (nR ) and the condensate wavefunction (ψ).

4.2

System dynamics

To discuss the dynamics of the examined system, it is instructive to get acquainted with the
possible behaviors of the system. According to [84] one can distinguish several regimes of
dynamics: stable i.e. a plane wave solution, spatiotemporal intermittency, chaos i.e. defect
formation and phase turbulence, formation of coherent structures such as sinks and sources,
Nozaki-Bekki hole solutions and oscillatory structures. In two-dimensional systems many other
structures can appear, such as spirals waves, vortices, and vortex glasses. To examine this
variety of solutions, one should begin with one of the most known and investigated nonlinear
equations in physics, that is the complex Ginzburg–Landau equation (CGLE) [7, 34].
As presented in [34] the general form of the (normalized) complex Ginzburg–Landau equa-
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spatiotemporal intermittency

phase turbulence

defect turbulence

Figure 4.1: Examples of qualitatively different dynamics of CGLE: spatiotemporal intermittency (A=0.0, B=-5.0), phase turbulence (A=-4.5 B=0.5) and defect turbulence (A=-4.5,
B=1.0).
tion can be written as
∂2ψ
∂ψ
= (1 + iA) 2 + ψ + (1 − iB)|ψ|2 ψ,
∂t
∂x

(4.2)

where ψ is a complex function, t is the propagation dimension or time, A and B are real
parameters, and x is the space dimension.
In Fig. 4.1 several solutions of Eq. (4.2) for different parameters are presented, which
show exemplary behaviours that can appear in non-linear one-dimensional dynamic systems,
i.e. spatiotemporal intermittency, phase and defect turbulence. Spatiotemporal intermittency
is a regime in which laminar domains coexist i.e. plane waves, and turbulence of disordered
domains. In the phase turbulence regime, there are no space-time defects, and the density of
the flow is disordered slightly, whereas in the defect turbulence regime the disorder is large and
the density of flow is characterized by large fluctuations.
In the case of exciton-polariton condensates, there are several articles examining their
nonlinear dynamics [15, 67, 83, 92], which includes special solutions such as sinks [52] and
stability limits [13].
In the next section, a model of a condensate with the reservoir is presented, and its dynamic
behavior is examined.

4.3

Model of a Condensate with a Reservoir

In order to study the role of the exciton reservoir in the dynamics of exciton-polariton condensates, the reservoir should be modeled as a separate degree of freedom. An effective model
used for this description is the open-dissipative Gross-Pitaevskii equation with the additional
equation for the reservoir nR like in the (2.90). The model was successfully used in many
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Figure 4.2: Scheme of particle flows in an exciton-polariton condensate. Exciton reservoir is
marked with a Pink ellipse, which is pumped by the laser. The exciton generation is denoted
with P and the nonradiative loss with γR . Scattering into the condensate (marked with orange
ellipse) is described with the scattering parameter R. Losses from the condensate are denoted
with γC .
studies e.g. in [17, 21, 27, 53]. In Fig. 4.2, the condensate of polaritons and reservoir of excitons are schematically shown in the energy-momentum space. A more detailed scheme and
the description of condensate generation is presented in Fig 2.10 in Section 2.4.
The model equations are usually written in the following form

i~



~2 ∂ 2
i~
∂ψ(x, t)
2
= − (1 − iβ)
+
(Rn
(x,
t)
−
γ
)
+
g
|ψ(x,
t)|
+
g
n
(x,
t)
ψ(x, t),
R
C
C
R R
∂t
2m∗ ∂x2
2
(4.3a)

∂nR (x, t)
= P (x, t) − γR + R|ψ(x, t)|2 nR (x, t),
(4.3b)
∂t

where the condensate is described in a mean field approximation, while for the reservoir semiclassical Boltzmann equation is used. Condensate as a coherent state is well described by the
wave function which square modulus is interpreted as the density of particles. Reservoir is
a incoherent resource of excitons from which condensate is supplied through the scattering
processes (described by the R coefficient). In Equation (4.3a), the processes of loss and flow
between the reservoir and the condensate are expressed by γC and RnR . Thus, this term
(∼ i~(RnR − γC )) does not preserve the number of particles or the normalization of the
wavefunction. It is necessary to describe the supplementation of the system with new particles,
which is described by P (x, t) in the equation for the reservoir (4.3b). The non-equilibrium
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equation for reservoir describes the dynamics of exciton density. The laser pumping that
causes the effective increase of carrier density is expressed with the P (x, t) term, while the loss
of excitons is due to their recombination (γR denotes the exciton decay rate) and the scattering
processes related to supplementation of the condensate. In Eqs. (4.3) m∗ is the lower polariton
effective mass, gC factor describes the mutual interaction of polaritons, and gR denotes the
interaction between polaritons and the reservoir. The energy relaxation is also introduced into
the (4.3a) equation with the (1 − iβ) term. This term adds preference to lower energy states
and it was previously examined in case of exciton-polaritons in [13, 85]. Such relaxation in
polariton condensates is necessary to take into account in description of many experiments. In
particular, it can explain the arrest of instability in contrast to the predictions of the theory
without the relaxation term.
In principle, one could use a third equation to describe the hot carriers feeding the reservoir.
However, as shown in [69] the results obtained with the three-equation model are consistent
with the presented two-equation model.
Analyzing the equations, it can be concluded that the reservoir density is high in the area
where it is pumped. On the other hand, the condensate density is high in the areas of the
highest density of the reservoir, causing its reduction. The competition between the condensate
and the reservoir leads to a whole range of different behaviors.

4.4

Stability Analysis

We start with the analysis of stationary states of the equations, i.e. when the reservoir and
the norm of the condensate wavefuction are independent of time, nR (r, t) = nR and ψ(r, t) =
ψ0 e−iµt , where ψ0 is the square of the condensate steady state density, and µ plays the role of
the chemical potential. Under this assumption Eqs. (4.3) become

µψ0 =



i~
Rn0R − γC + gC |ψ0 |2 + gR n0R ψ0 ,
2
n0R =

P
.
γR + R|ψ0 |2

(4.4a)

(4.4b)

In a stationary state, the reservoir-induced gain of the condensate has to be exactly balanced
by the losses, hence

i~
Rn0R − γC = 0.
2

(4.5)
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This gives the condition for the reservoir density

n0R =

γC
,
R

(4.6)

and the chemical potential

µψ0 =



i~
Rn0R − γC + gC |ψ0 |2 + gR n0R ψ0 .
2

(4.7)

Substituting (4.6) into (4.4b) one obtains the density of the condensate

|ψ0 |2 =

RP − γC γR
.
RγC

(4.8)

Eq. (4.8) is valid above the pumping threshold, i.e

P > Pth =

γC γR
,
R

(4.9)

which is obtained by setting |ψ0 |2 = 0 in Eq. (4.8).
Small fluctuations of the stationary state can be examined to find out whether it remains
stable or becomes unstable. In [83], the condition for condensate stability was derived, which
depends on the ratio of the polariton and exciton lifetimes (τC = 1/γC and τR = 1/γR respectively) and the rate of polariton-polariton interaction (gC ) and condensate-reservoir coupling
(gR ).
τC gC
P
=
.
Pth
τR gR

(4.10)

It is worth to mention that Eq. (4.10) is derived in the absence of relaxation. We will examine
the impact of energy relaxation on exciton-polariton condensate and analyse its stability in
different parameters regimes.

4.4.1

Analytical Condition

In order to examine the stability of the considered system, one can use the Bogoliubov deGennes approximation, which is presented in Chapter 3. In this method one inspects how the
system behaves under the influence of small fluctuations. By implementing a small perturbation
to equations, the issue can be reduce to an eigenvalue problem. The eigenvalue problem can be
solved analytically by analyzing the imaginary part of eigenfrequencies in momentum space.
Similarly to 3.3.1, one can solve it with respect to k, by investigating the real and imaginary
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parts in the limits k → 0 and k → ∞. From the calculation described in detail in Appendix E
one obtains the eigenvalue problem


δ
 δψ1
 ψ1 
 ∗


∂
∗
= Q
i~ 
δψ2 
 δψ2


∂t 


δ nR
δ nR





,



(4.11)

with Q as the Bogoliubov matrix, and δψ1 , δψ2 , δnR as the condensate and reservoir perturbations. The resulting condition for stability is
P
>
Pth



gR
~Rβ
−
gC
2gC



γC
.
γR

(4.12)

One can notice that the product Rβ has a strong impact on the condensate stability. In
contrast to the stability condition Eq. (4.10), it is possible to achieve a stable regime even
for large γC /γR ratio, which is typical for experiments. Requiring the terms in the braces in
Eq. (4.12) to cancel out gives the critical relaxation factor βC = 2gC /~R.

It should also be noted that R and β are phenomenological parameters that do not express
a single physical process or feature in the system. R describes scattering in the model, but
in fact the relaxation mechanism is very complicated and the model is an attempt to describe
effectively many scattering processes in the reservoir. This parameter often takes extremely
different values in the literature. The same applies to the β parameter, which is artificially
introduced with the intention to describe the preference of lower energy states. In numerical
simulations without the relaxation term, the condensation process is equally possible for all
k values, which is unphysical. In experiments, condensation occurs typically in the lowest
momentum mode. Therefore, the mechanism of energy relaxation has to be accounted for.

Analytical solutions of Eq. (4.11) are presented in the parameter space P/Pth versus γC /γR
in Fig. 4.3. The pumping threshold is marked with a red line. Above this threshold polariton
condensation occurs. The stable regime for a given energy relaxation parameter β is marked
with a corresponding dashed area. With the growth of the relaxation factor, the region of
stability increases clearly. One can notice that there exist a critical value of βC above which
the condensate is stable in the entire parameter space. This is easily seen in the analytical
condition for stability (4.12).
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Figure 4.3: Diagram of stability shown in P/Pth versus γC /γR coordinates for 3 values of
energy relaxation factor β. Regions of stability are marked with shaded areas. For β = 3.0
stable area is denoted with horizontal lines, and it covers all allowed space above the critical
pumping rate, for β = 1.5 stable area is marked with vertical lines, and it covers over half of
the allowed space, and for β = 0.0 stable area is denoted with slanted lines, and it covers only
the space colored with the darkest blue colour. The red line shows the condensation threshold.
The area of stabilization increases with the product Rβ and can spread to the entire allowed
parameter space, according to Eq. (4.12). Limits of stability are calculated analytically and
verified numerically. Parameters are given in [3].

4.5

Numerical Results

This section presents numerical simulations in various parameters ranges. Both stable and
unstable regimes are considered in the case of uniform pumping and with an additional short
optical pulse, which provides the disturbance of the condensate.
The effect of the additional pulse can be described with a Gaussian function



(x − x0 )2
(t − t0 )2
P = P0 1 + Ppulse exp −
−
,
2σ 2
2t2p

(4.13)

where Ppulse is a dimensionless factor of pulse strength, P0 is the uniform pumping rate, x0
and t0 denote the pulse spatial and temporal position with the widths σ and tp , respectively.
Here, the pulse impacts the reservoir, but it was also applied directly to the condensate, with
no significant changes in the system behavior.
Figs. 4.4a,b,c show examples of evolution of |ψ|2 in the uniform pumping case in unstable
and stable regimes. The stability mainly depends on the pumping strength and the β fac-
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Figure 4.4: Evolution of condensate density |ψ(x, t)|2 in the stable (a,d), unstable (b,e) and
quasistable (c,f) regimes. Relaxation factor is β = 0 except (c,f) where it is equal to β = 0.5.
In (a)-(c) pumping is uniform and constant while in (d-f) the uniform pumping is strongly
perturbed by an ultrashort pulse. (a,d) condensates proceed to the stationary state; (b,e) the
decrease of pumping strength causes the instability; (c) presence of energy relaxation causes the
suppression of instability; (f) while the steady state is stable, the strongly perturbed condensate
ends up in the regime of spatiotemporal intermittence. Parameters are (a,d) P0 /Pth = 8.5,
(b,c,e,f) P0 /Pth = 7.3, and the pulse has a Gaussian shape with spatial width σ = 0.7µm and
temporal width tp = 13ps, and its power is Ppulse = 0.73. Other parameters are given in [3].
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tor. In Fig. 4.4(a,b), stable and unstable evolutions without relaxation are presented. Initial
fluctuations decrease (a) or increase (b) in time. However, in accordance with Eq. (4.12), the
system can be stabilized with sufficiently large β factor. This is shown in Fig. 4.4(c), where the
evolution corresponds to the same parameters as in Fig. 4.4(b), with the only difference in the
β energy relaxation factor. When relaxation is present the exciton-polariton condensate can
remain in the stationary state. This can explain why there are only a few known experiments
in which unstable behavior was observed, in particular in the large γC /γR regime.
On the other hand, we present here the quasistable regime which can occur when the stable
condensate is disrupted with a strong pulse. Figs. 4.4d,e,f show the evolution of |ψ|2 in the case
of uniform pumping with an additional ultrashort optical pulse, applied at the beginning of
evolution, in the three cases: when β parameter is absent in the stable case (a) and the unstable
case (b), and when β is set to 0.5 in the quasistable case (c). Comparing Fig. 4.4(a,b) with
Fig. 4.4(d,e), there are no qualitative changes in the evolution caused by the pulse. However,
in quasistable case Fig. 4.4(c,f) one can observe that the pulse is a source of instability of the
polariton system. The behavior of the condensate in Fig. 4.4(f) is very similar to the solutions
of the 1D complex Ginzburg-Landau equation in the spatiotemporal intermittency regime,
investigated in Fig 4.1 [16, 61, 75, 89]. In this hybrid regime, chaos coexists side-by-side with
metastable stationary states, as the intermittency occurs between the uniform and unstable
regions.

4.5.1

Quasistable behavior in the stable regime

In this subsection, another regime of quasistable dynamics is investigated. In Fig. 4.5(a)
counterintuitive example of instability that is caused by the relaxation factor β is presented.
Recall that Figs. 4.4a,d show that when β is absent in the stable regime, the pulse does not
cause any instabilities. However, when the relaxation factor is added, the unstable evolution
such as that in Fig. 4.5 is possible.
It is important to mention that according to Eq. (4.12) for the considered parameters the
condensate should be stable under uniform pumping, thus all instabilities can decay in a finite
time. It has to be noted that the analytical calculations are derived for a weak perturbation,
and the simulations are presented for a strong perturbation caused by the pulse and therefore
these results do not have to coincide.
In Fig. 4.5 one can observe that some of the branches of the instability are quenched but
others remain and cause new instabilities. This quasistable regime can persist for a very long
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Figure 4.5: The relaxation term causes the condensate to become unstable in the case of a large
enough perturbation. The processes of damping and propagation of the disturbance compensate each other, resulting in a long-lasting state of spatiotemporal intermittency. Parameters
are β = 0.6, P/Pth = 8.5, other parameters are listed in [3].
time. It requires peculiar conditions to appear. The perturbation has to be sufficiently large
to excite such a state and energy relaxation cannot be too strong, to avoid suppression of the
emerging instabilities.
Fig. 4.6 shows the ranges of the existence of this phase in coordinates of β relaxation
parameter and the intensity of the pulse. The range of β parameter is cut to 1 since it is
usually a small factor, however, one has to notice that higher values (above 1) are successfully
used for modelling real experiments [27]. As it can be seen, in a certain range of short pulse
perturbation strength and relaxation strength, the instability caused by the pulse results in a
long-lasting state of intermittency, that eventually fades away (in range of tens ns).

4.6

Summary

In summary, the impact of energy relaxation term on exciton-polariton condensates stability
was investigated, both in the case of homogeneous and pulsed pumping. The analytical condition for stability agrees with numerical simulations and indicates that the quasistable regime
can be achieved even for parameters for which the condensate is unstable in the absence of
relaxation. Such quasistable regime can be disrupted by a strong pulse. Moreover, in the stable regime, when the uniform pumping is perturbed with a short optical pulse, the considered
relaxation term can, counterintuitively, cause the emergence of an intermittent long-lasting
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Figure 4.6: Diagram of stability shown in Ppulse vs β coordinates for P/Pth = 8.5. Blue color
corresponds to the stability region, where pulses do not affect the condensate behavior. Red
color indicates the region where long-living instabilities can occur. Yellow and pale yellow
areas shows regions where emerging perturbations are damped after a short while or even do
not rise, respectively. Parameters are given in [3].
state. The examinations shows that exciton-polariton condensate can reveal spatiotemporal
intermittency.

Chapter 5

Summary
This thesis presented results of theoretical studies of exciton-polariton condensates in the context of additional degrees of freedom related to magnetic ions and the exciton reservoir. The
detailed introduction with appendices has the aim to familiarize the reader with the topic in a
concise form. In particular, the spin degree of freedom was considered, in the context of semimagnetic semiconductors. In the case of planar semiconductor microcavities with quantum
wells doped with manganese ions, the phenomena of self-localization and magnetic polarons
were shown. These have not been predicted before in nonequilibrium exciton-polariton condensates. The results were presented in the cases of partially and fully polarized condensates,
and in the latter case the antiferromagnetic alignment of polaron domains was predicted.
Next, reservoir of uncondensed particles was introduced as a degree of freedom. The influence of relaxation mechanisms that affects the stability of condensates was investigated. It was
shown analytically and numerically that relaxation increases the area of linear stability in parameter space to large values of γC to γR ratio. Interestingly, the simple relaxation mechanism
under certain conditions, i.e. pulsed disturbance, can lead to the appearance of spatiotemporal
intermittence states.
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Appendix A

Mixing angle derivation

The Hamiltonian of an exciton interacting with a single photonic mode is given by
H = ~ωc â† â + ~ωx b̂† b̂ +

~Ω †
(âb̂ + â† b̂),
2

(A.1)

where â is the photon annihilation operator, b̂ is the exciton annihilation operator, ωc,x are
photonic and excitonic frequencies, respectively, and Ω is the Rabi frequency. It can be solved
using the dressed state basis. New states are superpositions of â and b̂ operators

p̂ = αâ + β b̂,

(A.2a)

r̂ = γâ + δ b̂.

(A.2b)

p̂ and r̂ should remain boson operators, thus they obey bosonic commutation relations
[p̂, p̂† ] = 1,

[r̂, r̂† ] = 1,

(A.3)

|γ|2 + |δ|2 = 1,

(A.4)

which give the conditions
|α|2 + |β|2 = 1,
and from the other relation
[p̂, r̂] = 0,

[p̂, r̂† ] = 0,

(A.5)

one obtains the condition
αγ ∗ + βδ ∗ = 0.
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One can require the transformation to be a linear canonical transformation.
 
p̂
 =
r̂




α

β

γ

|

δ




{z

 
â
 ,
b̂

(A.7)

}

transformation S

To ensure the unitarity, det S = 1
(A.8)

αδ − βγ = 1.

Considering the conditions (A.4), (A.6), and (A.8), the transformation obtains the form corresponding to a rotation by an arbitrary angle θ



α

β

γ

δ





cos θ

=
− sin θ

sin θ
cos θ


,

(A.9)

One can substitute the general form of â and b̂ operators, but for clarity, without losing
generality, we use (A.9) directly. Coming back to the (A.1)
H = ~ωc â† â + ~ωx b̂† b̂ +

~Ω †
(âb̂ + â† b̂),
2

(A.10)

after substituting the relation

â = p̂ cos θ − r̂ sin θ,

(A.11a)

b̂ = p̂ sin θ + r̂ cos θ,

(A.11b)

one gets
H =~ωc (p̂† cos θ − r̂† sin θ)(p̂ cos θ − r̂ sin θ)
+~ωx (p̂† sin θ + r̂† cos θ)(p̂ sin θ + r̂ cos θ)
1 
+ ~Ω (p̂ cos θ − r̂ sin θ)(p̂† sin θ + r̂† cos θ)
2

+ (p̂† cos θ − r̂† sin θ)(p̂ sin θ + r̂ cos θ) ,

(A.12)

and then
H =~ωc (p̂† p̂ cos2 θ − p̂† r̂ cos θ sin θ − r̂† p̂ sin θ cos θ + r̂† r̂ sin2 θ)
+~ωx (p̂† p̂ sin2 θ + p̂† r̂ cos θ sin θ + r̂† p̂ sin θ cos θ + r̂† r̂ cos2 θ)
1
+ ~Ω(p̂p̂† cos θ sin θ + p̂r̂† cos2 θ − r̂p̂† sin2 θ − r̂r̂† cos θ sin θ
2
+ p̂† p̂ cos θ sin θ + p̂† r̂ cos2 θ − r̂† p̂ sin2 θ − r̂† r̂ cos θ sin θ).

(A.13)
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Using commutation relation, one gets
H =~p̂† p̂(cos2 θωc + sin2 θωx + sin θ cos θΩ)
+~r̂† r̂(sin2 θωc + cos2 θωx − sin θ cos θΩ)
+~p̂† r̂(− sin θ cos θωc + sin θ cos θωx − sin2 θΩ/2 + cos2 θΩ/2)

(A.14)

+~r̂† p̂(− sin θ cos θωc + sin θ cos θωx − sin2 θΩ/2 + cos2 θΩ/2).
and obtains the following form
(A.15)

H = ~ωp p̂† p̂ + ~ωr r̂† r̂,

with the newly defined frequencies ωp,r for ~p̂† p̂ and ~r̂† r̂ and for a certain θ angle, that cancels
out ~p̂† r̂ and ~r̂† p̂ terms. Therefore
ωp = ωc cos2 θ + ωx sin2 θ + Ω sin θ cos θ,

(A.16a)

ωr = ωc sin2 θ + ωx cos2 θ − Ω sin θ cos θ,

(A.16b)

Ω/2 cos2 θ − Ω/2 sin2 θ − (ωx − ωc ) sin θ cos θ = 0.

(A.16c)

With defining ∆ = ωx − ωc , and using Pythagorean trigonometric identity, the (A.16c) is
Ω(cos2 θ − 1/2) = ∆ cos θ

p
1 − cos2 θ = 0,

(A.17)

after squaring and transforming
(Ω2 + ∆2 ) cos4 θ − (Ω2 + ∆2 ) cos2 θ + Ω2 /4 = 0.
By solving the biquadratic equation and substituting G =

√

Ω2 + ∆ 2

√
Ω2 + ∆ 2 ± ∆ Ω2 + ∆ 2
cos θ =
,
2(Ω2 + ∆2 )
G±∆
,
cos2 θ =
2G
2

(A.18)

(A.19a)
(A.19b)

one can calculate the mixing angle as
p

2G(G ± ∆)
,
p 2G
2G(G ∓ ∆)
sin θ =
.
2G

cos θ =

(A.20a)
(A.20b)
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Coming back to ωp and ωr
ωp = ωc cos2 θ + ωx sin2 θ ± Ω sin θ cos θ,
substituting sin θ and cos θ, and using cos θ sin θ =

the frequency ωp can be calculated as

G±∆
G∓∆
Ω
+ ωx
±Ω
2G
2G
2G

ωp = ωc
=

Ω
2G

(A.21)

ωc + ωx
Ω2 ± ∆ 2
+
,
2
2G

(A.22a)
(A.22b)

choosing the upper sing one can get

ωp =

ωc + ωx + G
.
2

(A.23)

ωr =

ωc + ωx − G
.
2

(A.24)

Analogously for ωr

Then the Hamiltonian (A.1) becomes
H = ~ωp p̂† p̂ + ~ωr r̂† r̂.

(A.25)

Appendix B

Excitonic Hamiltonian
In this Appendix, a method of obtaining the semiconductor Hamiltonian in the representation
of single- and two-particle operators in the second quantization is presented. Moreover, the
Hamiltonian is expressed with exciton operators and in the excitonic basis in the parts C.2
and C.3.

B.1

Representation of single- and two-particle operators

Let us begin with the Hamiltonian
Z
H=



Z
Z
1
e2
~2 2
∇ Ψ(r) +
dr dr0 Ψ(r)† Ψ(r0 )†
Ψ(r0 )Ψ(r).
dr Ψ(r) −
2m
2
|r − r0 |
†

(B.1)

The field operators in single particle basis are defined as
X

Ψ(ξ)† =

ψα∗ (ξ)a†α ,

(B.2)

ψα (ξ)aα .

(B.3)

α

Ψ(ξ) =

X
α

In general, single-particle operators have the form

Ĥ0 =

X
α,β

hα|ĥ|βia†α aβ ,

(B.4)

where
hα|ĥ|βi =

Z

dξ ψα∗ (ξ)ĥ(ξ)ψβ (ξ).

(B.5)

The single particle basis consists of the eigenstates of the momentum operator of ν-band
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electron
1
ψα (ξ) = ψkν (r, µ) = √ eik·r δνµ .
Ω

(B.6)

Here, the spin of the electron is neglected, nevertheless, instead of considering ν-band electron,
one can examine the electron in the σ spin state, and then one can proceed in the same way.
An example of a single-particle operator is the kinetic energy T
X

Tν =

α,β

hα|

p2
|βia†α aβ .
2mν

(B.7)

Calculating the matrix element (α = (k0 ν 0 ), β = (kν))
hk0 ν 0 |
~2 k2 1
=
2mν Ω

Z

3

d re

X
p2
|kνi =
2mν
µ

i(k−k0 )·r

X

δ

µν 0

Z

δµν

µ

d3 r ψk0 ν 0

p2
ψkν
2mν

~2 k 2
=
δkk0 δνν 0 = Eν (k) δkk0 δνν 0 .
2mν

(B.8)

Then, the kinetic energy operator obtains the form

T =

X

Eν (k)a†kν akν .

(B.9)

kν

Let us consider also the external potential U , as a single-particle operator

U=

X
hα|u|βia†α aβ .

(B.10)

α,β

Analogously, the calculation
hk0 ν 0 |u|kνi =

1
Ω

Z

0

d3 r u(r)ei(k−k )·r

X

δµν 0 δµν =

µ

1
uk−k0 δνν 0 ,
Ω

(B.11)

gives the formula
U=

1X
uq a†k+q,ν akν .
Ω

(B.12)

kqν

This term describes a scattering process, a particle with momentum k changes its momentum
to k + q.
The interaction between particles has the form of a two-particle operator

ĤI =

1 X
hαβ|V̂ |γδia†α a†β aδ aγ ,
2

(B.13)

α,β,γ,δ

where
hαβ|V |γδi =

Z Z

dξ dξ 0 ψα∗ (ξ)ψβ∗ (ξ 0 )b̂(ξ, ξ 0 )ψγ (ξ)ψδ (ξ 0 ).

(B.14)
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It can be calculated as follows

=

XXZ Z
µ

=

µ0

X

hk1 ν1 , k2 ν2 | V |k3 ν3 , k4 ν4 i =
d3 r d3 r0 ψk1 ν1 (r, µ) ψk2 ν2 (r0 , µ0 ) V (r − r0 ) ψk4 ν4 (r, µ) ψk3 ν3 (r0 , µ0 )

δµν1 δµν2 δµ0 ν3 δµ0 ν4

µ,µ0

1
Ω

Z Z

(B.15)

0

d3 r d3 r0 V (r − r0 ) e−i(k1 −k4 )·r e−i(k2 −k3 )·r .

Defining R = r − r0 and changing integration variables to R and r0 the integrals factorizes

= δν1 ν4 δν2 ν3

1
Ω

Z

hk1 ν1 , k2 ν2 | V |k3 ν3 , k4 ν4 i =
Z
0
1
3
−i(k1 −k4 )·R
d R V (R) e
·
d3 r0 e−i(k1 −k4 −k3 +k2 )·r
Ω
1
= δν1 ν4 δν2 ν3 Vk1 −k4 · δk1 ,k4 +k3 −k2 .
Ω

(B.16)

δν1 ν4 δν2 ν3 δk1 ,k4 +k3 −k2 Vk1 −k4 a†k1 ν1 a†k2 ν2 ak3 ν3 ak4 ν4 ,

(B.17)

and then ĤI becomes

ĤI =

1
2Ω

X
k1 ,k2 ,k3 ,
k4 ,ν1 ,ν2 ,
ν3 ,ν4

renaming ν1 = ν and ν2 = µ and using the property of Kronecker delta

ĤI =

1
2Ω

Vk3 −k2 a†k4 +k3 −k2 ,ν a†k2 µ ak3 µ ak4 ν ,

X

(B.18)

k2 ,k3 ,k4 ,
ν,µ

one can define new summation variables k, p and q as

k4 = k

k3 = p

k4 + k3 − k2 = k + q

k2 = p − q
k 3 − k2 = q

(B.19a)
(B.19b)

Finally the interaction Hamiltonian has the form

ĤI =

1
2Ω

X

Vq a†k+q,ν a†p−q,µ apµ akν ,

(B.20)

k,p,q,ν,µ

where Vq is the Fourier transform of the interaction potential.

Now, let us introduce the jellium model Hamiltonian of the system. The Hamiltonian
consists of interaction between electrons (He−e ), electrons and ions (He−i ) and ions (Hi−i )

H = He−e + Hi−i + He−i .

(B.21)
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The electron-electron interaction term (He−e ) is the sum of B.9 and B.20

He−e =

X

Eν (k)a†kν akν +

kν

1
2Ω

Vq a†k+q,ν a†p−q,µ apµ akν .

X

(B.22)

k,p,q,ν,µ

The ion-ion interaction (Hi−i ), in the simplest approach, can be consider as interaction of a
uniform positive density of charge n(r) = N/Ω

Hi−i =

1
2

Z

Z

d3 r

d3 r0 n(r)V r − r0 )n(r0 ) =

N2
Vq=0 ,
2Ω

(B.23)

where Vq is the Fourier transform of Coulomb interaction between electrons (due to divergence
of the integral, the so-called screened Coulomb interaction method is used)
Z
Vq =

d3 r eiq·r

e2 −κr
e2
.
e
= 2
4πr
q + κ2

(B.24)

Note that there is a need for screening κ at q = 0. The last term, electron-ion interaction
(He−i ) is given by
He−i = −

N Z
X
i=1

d3 r n(r)V (r − r0 ) = −

N2
V0 .
Ω

(B.25)

The complete Hamiltonian is therefore

H=

X

Eν (k)a†kν akν +

kν

1
2Ω

X
k,p,q,ν,µ

Vq a†k+q,ν a†p−q,µ apµ akν −

N2
V0 .
2Ω

(B.26)

Considering q = 0, the electron-electron interaction (without the kinetic part) gives
V0 X †
V0 X †
V0 2
ak,ν a†p,µ apµ akν =
ak,ν akν a†p,µ apµ =
N .
2Ω
2Ω
2Ω
k,p,ν,µ

(B.27)

k,p,ν,µ

Since a†p,µ apµ is the operator of particle number.
Finally, the Hamiltonian takes the form

H=

X
kν

Eν (k)a†kν akν +

1
2Ω

Vq a†k+q,ν a†p−q,µ apµ akν .

X

(B.28)

k,p,q6=0,ν,µ

It is worth to mention that it is has the same form for any type of interaction V (r).
Now, let us consider only two bands, i.e ν = c, v
ak,v = h†−k ,
ak,c = ek ,

a†k,v = h−k ,

(B.29)

a†k,c = e†k .

(B.30)
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Then the Hamiltonian is
H=

X

Ec (k)e†k ek +

X

k

1
+
2Ω
+

k

Vq h−k−q h−p+q h†−p h†−k +

X
k,p,q6=0

1
2Ω

Vq e†k+q e†p−q ep ek +

X

Ev (k)h−k h†−k

k,p,q6=0

1
2Ω

1
2Ω

X

Vq h−k−q e†p−q ep h†−k

(B.31)

k,p,q6=0

Vq e†k+q h−p+q h†−p ek .

X
k,p,q6=0

Rearranging to normal order, using anticommutation relations, and defining V (q) = Vq /Ω
H=

X

Ee (k)e†k ek +

X

k

1
+
2
−

1
2

X
k,p,q6=0

X
k,p,q6=0

Eh (k)h†−k h−k

k

1
V (q)e†k+q e†p−q ep ek +
2

X

V (q)h†−k h†−p h−p+q h−k−q

(B.32)

k,p,q6=0

V (q)e†p−q h†−k h−k−q ep −

1
2

V (q)e†k+q h†−p h−p+q ek .

X
k,p,q6=0

Here, constant terms that appear while rearranging hole operators are omitted. All terms
proportional to h† h are gathered to give the expression for single-particle energies

Eh (k) = −Ev (k) +

X

V (q)nv,|k−q| ,

(B.33)

k,q6=0

where nv,|k−q| is the operator of the number of holes in the valence band. Analogously for
the Ee (k) term. However, it is convenient to use the effective mass approximation for the
single-particle energies
~k2
,
2me
~k2
Eh (k) =
,
2mh

Ee (k) = Eg +

(B.34)
(B.35)

where Eg denotes the gap energy. After renaming the summations indices one can obtain

H=

Xh

Ee (k)e†k ek + Eh (k)h†k hk

i

(B.36a)

k

+
−

1
2

i
h
V (q) e†k+q e†p−q ep ek + h†k+q h†p−q hp hk

X

(B.36b)

k,p,q6=0

X

V (q)e†k+q h†p−q hp ek ,

(B.36c)

k,p,q6=0

The above formula is the semiconductor Hamiltonian in representation of single- and twoparticles operators.
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B.2

Expression of the Hamiltonian with exciton operators

Exciton creation and annihilation operators have to be composed within election (e) and hole
(h) operators. In general, the exciton can be formed not only by electron and hole with the
opposite wavevector (i.e. ek h−k ), but by the pair with a non-zero centre of mass momentum:
(B.37)

xκ,K = eκ+αK h−κ+βK ,

where K is the wavevector of the mass center (K = ke + kh ), and κ is the relative momentum
(κ = αke − βkh ), α (β) is the ratio of hole (electron) to the total mass.
One can transform the pair operator Eq. (B.37) into the exciton operator Xke ,kh (see 2.2.4)
by the Usui transformation [88]

U = PF exp 


X

Xke ,kh xke ,kh  PB ,

(B.38)

ke ,kh

where PF and PB are the projection operators onto the fermion and boson vacuum states,
respectively. Transformation U rewrites an operator in the fermion space in terms of boson
creation and annihilation operators. Applying Usui transformation on Eq. (B.36) one can
obtain the Hamiltonian as the combination of Xke ,kh operators, that can be rearranged in
direct and exchange terms
H = H0 + HD + HE .

(B.39)

Detailed calculations are presented in [68]. H0 consists a transform of (B.36a) terms that
describe the independent motion of the excitons, and one term of the transformed (B.36c) that
describes the Coulomb attraction between electron and hole of exciton.

H0 =

X
k

†
E(k)Xk,k
Xk,k +

X

†
V (q)Xk−q,k+q
Xk,k .

(B.40)

k,q6=0

Note that now k (and in further equations also p) corresponds to the hole-electron pair
momenta kh , ke , and due to the constant placement of electron and hole indices in Xke ,kh
operators, we omit subscripts e, h. Thus the summation over k consists then in fact two sums.
HD describes the direct Coulomb interaction, i.e the interaction when electron or a hole
either gains or loses momentum, but the electron and hole remain paired in the same way.

HD =

1
2

X
p,k,q6=0

i
h
†
†
†
†
†
†
Xk,k−q
+ 2Xp,p+q
Xk−q,k
+ Xp+q,p
Xk−q,k
Xk,k Xp,p . (B.41)
V (q) Xp,p+q
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HE describes the exchange Coulomb interaction, where electrons or holes are exchanged between excitons.
HE = −

1
2


†
†
†
†
V (q) Xp,k−q
Xk,p+q
+ Xk−q,p
Xp+q,k

X
p,k,q6=0

†
†
+2Xk−q,p+q
Xp,k

+

†
†
2Xk,p+q
Xp−q,k


Xk,k Xp,p .

(B.42)

Let us consider the diluted case, when all of X † X † XX terms are irrelevant since they scale
with the square of the particle number operator N 2 and can be neglected. Therefore it is
sufficient to examine only the H0 part

H0 =

X

†
E(k)Xk,k
Xk,k +

k

X

†
V (q)Xk−q,k+q
Xk,k .

(B.43)

k,p,q6=0

After changing the coordinates into the center of mass coordinates, K is defined as the sum of
the electron and hole momenta, κ is now the relative momentum (κ = αke − βkh ). Instead of
X{electron

momentum},{hole momentum}

there is X{relative

momentum},{total momentum} .

In these

coordinates the Hamiltonian is

H0 =

X
κ,K

†
E(κ, K)Xκ,K
Xκ,K −

X

†
V (q)Xκ+q,K
Xκ,K .

(B.44)

κ,K,q6=0

Thus, for ke , kh there are ke + kh = K, αke − βkh = κ. And after interaction (ke + q) +
(kh − q) = K, α(ke + q) − β(kh + q) = κ + q (due to α + β = 1).

B.3

Transformation of the Hamiltonian into the exciton
operator basis

By changing basis into the excition basis, one can show that the Hamiltonian obtains the simple
form containing single particle operators. With the operator
†
Xκ,K
=

X

†
∗
ψn,κ
Xn,K
.

(B.45)

n

H0 can be transformed to
!
H0 =

X
κ,K,n,m

∗
E(κ, K)ψn,κ

−

X
q

∗
Vq ψn,κ+q

†
ψm,κ Xn,K
Xm,K ,

(B.46)

88

APPENDIX B. EXCITONIC HAMILTONIAN

with E(κ, K) = Eκ + EK + Egap being the sum of relative motion, center of mass and energy
of the gap
!
H0 =

X

∗
Eκ ψn,κ

κ,K,n,m

+

−

X

†
ψm,κ Xn,K
Xm,K

∗
Vq ψn,κ+q

q

†
∗
EK ψn,κ
ψm,κ Xn,K
Xm,K

X

(B.47)



κ,K,n,m

+


†
∗
ψm,κ Xn,K
Xm,K ,
Egap ψn,κ

X
κ,K,n,m

looking at the term
!
∗
Eκ ψn,κ

−

X

∗
Vq ψn,κ+q

=

q

!
X

∗
Eκ ψn,κ
0 δκ,κ0

κ0

X

−

X

∗
Hκ0 ,κ ψn,κ
0 =

κ0

∗
Vq ψn,κ
0 δκ0 ,κ+q

=

(B.48)

q

X

∗
En ψn,κ
0 δκ,κ0 ,

κ0

gives


X

H0 =


†
∗
En ψn,κ
0 δκ,κ0 ψm,κ Xn,K Xm,K +

κ,κ0 ,K,n,m


†
∗
+ EK ψn,κ
δκ,κ0 ψm,κ Xn,K
Xm,K

(B.49)



†
∗
+ Egap ψn,κ δκ,κ0 ψm,κ Xn,K Xm,K ,
and using
X

∗
δκ,κ0 ψn,κ
ψm,κ0 = δn,m ,

(B.50)

κ,κ0 ,n,m

one can obtain
H0 =

X

†
(En + EK + Egap ) Xn,K
Xn,K .

(B.51)

K,n

Defining the whole energy as
n
EX
(K) = En + EK + Egap ,

(B.52)

†
n
EX
(K)Xn,K
Xn,K .

(B.53)

we finally get
H0 =

X
K,n

Appendix C

Magnetization
A special calculation of the average magnetization for ideal paramagnetics is presented here.
For a diluted magnetic semiconductor, this also applies.
When describing the magnetic moment of an atom, due to the spin-orbit interaction, one has
to consider the total angular momentum J since angular momentum and spin do not commute
with the one-electron Hamiltonian. It is defined as a sum of orbital angular momentum L and
spin angular momentum S, (see Fig. C.1)
(C.1)

J = L + S.
It has two commuting operators J 2 , Ji and related to them quantum numbers j and mj
J 2 ψ = ~2 j(j + 1)ψ,

(C.2a)

Jz ψ = ~mj ψ.

(C.2b)

According to the the magnetic moment of classical rotating body

µ=

q
L,
2m

(C.3)

where q is the charge and m is the mass of the particle. Here, for the total magnetic moment,
one can derive the formulas for magnetic moment of the atom
e
(gL L + gS S) ,
2m
e
µJ = −
gJ J,
2m

µ=−

(C.4a)
(C.4b)

where gL , gS and gJ are the g-factors for the corresponding momentum. The g-factor is a
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Figure C.1: Total J, orbital L, spin S angular momenta, magnetic moment µ and its projection
on the J axis.

proportionality factor of the magnetic and angular momenta: gL = 1, gS ≈ 2 and gJ is
expressed by
gJ = 1 +

J(J + 1) + S(S + 1) − L(L + 1)
.
2J(J + 1)

(C.5)

Eq. (C.4b) describes the projection of magnetic momentum on the axis determined by the J
vector. The projection of µJ on the z-axis has the value

µJz = −

e
gJ Jz = −µB gJ mj ,
2m

(C.6)

where the Bohr magneton µB is introduced. The z-axis is the chosen axis determined by the
direction of the external magnetic field B. The potential energy connected with the magnetic
moment and the uniform field is

Emj = −µJ · B = |µJz |B = µB gJ mj B.

(C.7)

Note that µJz is antiparallel to Jz , which is defined along the B field.
The best way to express magnetization of a paramagnetic is to describe it as a set of
individual magnetic dipoles. To calculate the mean value of magnetic moment, one can do it
the canonical ensemble. In general, the mean value of a parameter φ is
N
X

φP (Ei ),

(C.8)



Ei
1
exp −
,
Z
kB T

(C.9)

hφi =

i=1

where
P (Ei ) =
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is the probability that the system will be in the state with energy Ei , and Z is the partition
function, which normalize the P (Ei ) to unity
N
X



Ei
Z=
exp −
.
kB T
i=1

(C.10)

The mean dipole magnetic moment hµJz i is then


J
Emj
1 X
hµJz i =
µJz exp −
,
Z
kB T

(C.11)

mj =−J

where J is the total magnetic moment, and the quantum number mj can obtain values of
{−J, −J +1, ..., −1, 0, 1, ..., J −1, J}. Substituting the magnetic moment (C.6) and the potential
energy (C.7) the mean value is

hµJz i = gJ µB

P
(−mj ) exp (−mj ξ)
P
,
exp (−mj ξ)

(C.12)

where ξ is
ξ=

gJ µB B
.
kB T

(C.13)

It can be noticed that the mean value is the derivative of the logarithm due to parameter ξ

hµJz i = gJ µB

J
X
∂
ln
exp (−mj ξ).
∂ξ

(C.14)

mj =−J

Using the relation for finite geometric series
b
X
k=a

rk =

ra − rb+1
,
1−r

(C.15)

where r = e−ξ , one can obtain
∂
ln
∂ξ



exp (Jξ) − exp (−(J + 1)ξ)
1 − exp (−ξ)

∂
= gJ µB
ln
∂ξ



exp (ξ/2)[exp (Jξ) − exp (−(J + 1)ξ))]
exp (ξ/2) − exp (−ξ/2)

∂
ln
∂ξ




exp ((2J + 1)ξ/2) − exp (−(2J + 1)ξ/2)
.
exp (ξ/2) − exp (−ξ/2)

hµJz i = gJ µB

= gJ µB





(C.16)
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Then, by adjusting the denominator and numerator to expressions for hyperbolic sine
sinh 2J+1
2 ξ
sinh 21 ξ

∂
hµJz i = gJ µB
ln
∂ξ

!

(C.17)

,

and using the relation
∂
ln (sinh ξ) = coth ξ,
∂ξ

(C.18)

the mean value is

hµJz i = gJ µB

2J + 1
coth
2



2J + 1
ξ
2



1
− coth
2



1
ξ
2



(C.19)

.

Thus the magnetization in terms of mean spin value per magnetic ion is given by

hM i = nM hµJz i = nM µB gM

2J + 1
coth
2



2J + 1
ξ
2



1
− coth
2



1
ξ
2


.

(C.20)

But it is usually written in the form of the Brillouin function BJ (x)

hM i = nM µB gM JBJ

gM µB JB
kB T


,

(C.21)

where nM is the concentration of magnetic ions, gM is the magnetic ions gyromagnetic factor,
µB is the Bohr magneton, T is the ion subsystem temperature, and B is the magnetic field
strength. The Brillouin function BJ (x) is defined as [31] (Fig. 3.2)
2J + 1
coth
BJ (x) =
2J






2J + 1
1
1
x −
coth
x .
2J
2J
2J

(C.22)

Note that the Brillouin function is defined with J in the denominator, in contrast to the formula
in Eq. (C.17), which causes the function to be limited from −1 to 1 and the argument to be
x=

gJ µB JB
,
kB T

(C.23)

which is connected to the Zeeman energy splitting of the magnetic moment (C.7) divided by
the thermal energy (kB T ).

Appendix D

Reduction of the complex Ginzburg
Landau equation
The reduction of the two-dimensional complex Ginzburg Landau equation into one-dimensional
equation is presented. Starting with a general case where there is an equation for both spin
components
(2d)

i~

∂ψσ
∂t

=−

−iγNL |ψσ(2d) |2 ψσ(2d)

~2
2m∗

−



∂2
∂2
+ 2
2
∂x
∂y

σλM (x, y)ψσ(2d)



(2d)

ψσ(2d) + g1 |ψσ(2d) |2 ψσ(2d) + g2 |ψ−σ |2 ψσ(2d)

+

iP (x, y)ψσ(2d)

1
− i γL ψσ(2d) + V (y)ψσ(2d) .
2

(D.1)

where m∗ is the polariton effective mass, g1 - interaction strength for the same polarization,
g2 - interaction strength for opposite polarizations, σ - polarization ±1, γL - linear losses , γNL
- non-linear losses, λ - polariton-magnetic ion coupling strength, M (x, y) - magnetization (we
will assume that it is homogeneous in space), P (x, y) - laser pumping profile (we will assume
(2d)

only dependence on x), V (y) - potential in the y dimension that confines the condensate, ψσ
- 2 dimensional wave function of a given σ polarization.

In the case of tight confinement in the y dimension, the wave function can be separated
into one-dimensional time dependent wave function, and the stationary part that depends on y
ψσ(2d) (x, y, t) = ψσ (x, t)φσ (y)e−iµt .

(D.2)

Suppose the wave function in the confined dimension takes the form of a Gaussian, with A
being the amplitude and ω the width
y2

φσ (y) = Ae− ω2 .
93

(D.3)
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To reduce the problem to a one-dimensional in space, one should eliminate the stationary
part connected with the y dimension. Thus one has to multiply Eq. (D.1) by φ∗ (y) and then
integrate it with respect to y coordinate
∂ψσ |φσ |2 e−iµt
~2
i~
=− ∗
∂t
2m



∂2
∂2
+
∂x2
∂y 2



ψσ |φσ |2 e−iµt + g1 |ψσ |2 ψσ |φσ |4 e−iµt

+g2 |ψ−σ |2 |φ−σ |2 ψσ |φσ |2 e−iµt − iγNL |ψσ |2 ψσ |φσ |4 e−iµt − σλM ψσ |φσ |2 e−iµt

(D.4)

1
+iP (x)ψσ |φσ |2 e−iµt − i γL ψσ |φσ |2 e−iµt + V (y)ψσ |φσ |2 e−iµt ,
2

dividing by e−iµt
i~|φσ |2

∂ψσ
~2
+ ~µ|φσ |2 ψσ = − ∗
∂t
2m



∂2
∂2
+
∂x2
∂y 2



ψσ |φσ |2 + g1 |ψσ |2 ψσ |φσ |4

+g2 |ψ−σ |2 |φ−σ |2 ψσ |φσ |2 − iγNL |ψσ |2 ψσ |φσ |4 − σλM ψσ |φσ |2

(D.5)

1
+iP (x)ψσ |φσ |2 − i γL ψσ |φσ |2 + V (y)ψσ |φσ |2 ,
2

using the Hamiltonian of φσ (y)

~µφσ (y) = −

~2 ∂ 2
φ(y) + V (y)φ(y),
2m∗ ∂y 2

(D.6)

one obtains
i~|φσ |2

∂ψσ
~2 ∂ 2
= − ∗ 2 ψσ |φσ |2 + g1 |ψσ |2 ψσ |φσ |4
∂t
2m ∂x

+g2 |ψ−σ |2 |φ−σ |2 ψσ |φσ |2 − iγNL |ψσ |2 ψσ |φσ |4 − σλM ψσ |φσ |2

(D.7)

1
+iP (x)ψσ |φσ |2 − i γL ψσ |φσ |2 ,
2

by integrating both sides over dy and using the values of the definite integrals
∞

r

π
= α,
2
−∞
√
r
Z ∞
π
2 2
4
4
|φσ (y)| dy = A ω
=
A α = βα.
4
2
−∞
Z

|φσ (y)|2 dy = A2 ω

(D.8a)
(D.8b)

We obtain
i~α

∂ψσ
~2 ∂ 2
= − ∗ 2 ψσ α + g1 |ψσ |2 ψσ βα
∂t
2m ∂x

+g2 |ψ−σ |2 ψσ βα − iγNL |ψσ |2 ψσ βα − σλM ψσ α

1
+iP (x)ψσ α − i γL ψσ α,
2

(D.9)
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dividing by α
i~
(1d)

+g2

∂ψσ
~2 ∂ 2
(1d)
= − ∗ 2 ψσ + g1 |ψσ |2 ψσ
∂t
2m ∂x
(1d)

|ψ−σ |2 ψσ − iγNL |ψσ |2 ψσ − σλM ψσ

(D.10)

1
+iP (x)ψσ − i γL ψσ ,
2

one can define new one-dimensional parameters and the correspondence to the two-dimensional
ones
(1d)

= g1 β,

(D.11a)

(1d)

= g2 β,

(D.11b)

g1

g2

(1d)

γNL = γNL β,
where
β=

√

2 2
A .
2

(D.11c)

(D.12)

β has the dimensionality of 1/m and it is inversely proportional to the size of the confinement.
One can assume that the width of the nanowire is of the magnitude of 1µm that is a typical
order of sizes in the microcavity. The g1 has a value ∼ µeV µm2 thus
(1d)
g1

= g1

√

2
µm−1 ∼ µeV µm.
2

(D.13)

It is worth to mention that in Eq. (D.1) there is also one more parameter that depends on
the dimensionality, that is λ. The magnetization M depends on the density of magnetic ions,
and throughout it depends on dimensionality. To obtain the one-dimensional magnetization
M and coupling strength λ one need also to divide them by the nanowire width.
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Appendix E

Bogoliubov-de Gennes
approximation for a condensate
with a reservoir
In this Appendix a short calculation of the Bogoliubov-de Gennes matrix for a condensate with
a reservoir is shown. The condensate and the reservoir are described with the equations

i~



~2 ∂ 2
i~
∂ψ(x, t)
2
= − (1 − iβ)
+
(Rn
(x,
t)
−
γ
)
+
g
|ψ(x,
t)|
+
g
n
(x,
t)
ψ(x, t),
R
C
C
R R
∂t
2m∗ ∂x2
2
(E.1)

∂nR (x, t)
= P (x, t) − γR + R|ψ(x, t)|2 nR (x, t).
∂t

(E.2)

In the case of balance of gain and dissipation, the reservoir density is constant and uniform

nR (x, t) =

γC
= n0R .
R

(E.3)

By substituting Eq. (E.3) into Eq. (E.1) one can express the polariton density as
|ψ|2 =

γR
R






RP
γR
P
−1 =
− 1 = |ψ0 |2 .
γC γR
R Pth

(E.4)

Using the standard Bogoliubov-de Geness approximation, that consist of examination of
small fluctuations (δψ , δnR ) around a steady state (above the threshold)

ψ(x, t) = ψ0 e

−iµt
~

h
i
X
1+
δψ (x, t) ,
k
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(E.5)
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h
i
X
nR (x, t) = n0R 1 + 
δnR (x, t) ,

(E.6)

k

where µ = gC |ψ0 |2 +gR n0R is the chemical potential, and  is a small scaling parameter ( << 1).
For a selected wave vector k it is convenient to rewrite the terms in Eqs. (E.1), (E.2) keeping
only linear terms in 
h
i
−iµt
∂
µ
∂
ψ(x, t) = ψ0 e ~ − i δψ (x, t) + δψ (x, t) ,
∂t
~
∂t

(E.7)

∂
∂
nR (x, t) = n0R δnR (x, t),
∂t
∂t

(E.8)

∇2 ψ(x, t) = ψ0 e
|ψ(x, t)|2 ψ(x, t) = ψ0 e
nR (x, t)ψ(x, t) = ψ0 e
nR (x, t)|ψ(x, t)|2 = ψ0 e

−iµt
~

h

h

(E.9)

∇2 δψ (x, t),

i
ψ02 (2δψ (x, t) + δψ∗ (x, t)) ,

(E.10)

h
i
n0R (δψ (x, t) + δnR (x, t)) ,

(E.11)

−iµt
~

−iµt
~

−iµt
~

i
ψ0 n0R δψ (x, t) + δψ∗ (x, t) + δnR (x, t) .

(E.12)

Resuming, we get Eqs. (E.1), (E.2) as linear combinations of perturbations

i~


~2
i~
∂
δψ = (iβ − 1) ∗ ∇2 δψ + gC |ψ0 |2 (δψ + δψ∗ ) + gR n0R δnR +
Rn0R δnR ,
∂t
2m
2

(E.13)


∂
δn = −γR δnR − R|ψ0 |2 δψ + δψ∗ + δnR .
∂t R

(E.14)

One can construct a linear algebraic system of equations that can be presented in the matrix
form






 δψ (k, t)


 = Q  δ ∗ (k, t)

 ψ


δR (k, t)










 δψ (k, t)
∂ 
i~ 
δψ∗ (k, t)
∂t 

δR (k, t)

(E.15)

Where the Bogoliubov matrix is


2 2

~ k
2
 (1 − iβ) 2m∗ + gC |ψ0 |

Q=
−gC |ψ0 |2


−i~R|ψ0 |2

0
( i~
2 R + gR )nR

gC |ψ0 |2

−(1 +

2 2
iβ) ~2mk∗

− gC |ψ0 |

2

−i~R|ψ0 |2

( i~
2 R

−

gR )n0R

−i~(γR + R|ψ0 |2 )








(E.16)

Small perturbations around the steady state of the condensate and the reservoir are δψ (x, t)
and δnR (x, t), repsectively
∗

δψ (k, t) = ak e−i(ωk t−kx) + b∗k ei(ωk t−kx) ,

(E.17)
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∗

(E.18)

δnR (k, t) = ck e−i(ωk t−kx) + c∗k ei(ωk t−kx) ,
thus one can construct the eigenvalue problem

(E.19)

Lk Uk = ωk Uk ,
where (Uk = (ak , bk , ck )T ). The characteristic matrix (K = [Lk − ωI]) takes the form


2 2

~ k
2
 (1 − iβ) 2m∗ + gC |ψ0 | − ω

K=
−gC |ψ0 |2


−i~R|ψ0 |2

0
( i~
2 R + gR )nR

gC |ψ0 |2

−(1 +

2 2
iβ) ~2mk∗

( i~
2 R

2

− gC |ψ0 | − ω

−i~R|ψ0 |2

−

gR )n0R








−i~(γR + R|ψ0 |2 ) − ω
(E.20)

One can derive the condition (4.12) with the procedure presented in Section 3.3. Equating
the determinant of (E.20) to zero we obtain
ω 3 + iω 2 (H + 2B) − ω A2 + 2AC + 2DF + 2BH + B 2



+2iAEF − 2iACH − iA2 H − 2iBDF − iB 2 H = 0,

(E.21)
(E.22)

where
A=

~2 k 2
2m∗

B = βA
i~
0
2 RnR

C = gC |ψ0 |2

D=

E = gR n0R

F = ~R|ψ0 |2

H = ~(γR + R|ψ0 |2 )
Considering real and imaginary parts

ω 3 − ω A2 + 2AC + 2DF + 2BH + B 2 = 0,

(E.23a)

ω 2 (H + 2B) + 2AEF − 2ACH − A2 H − 2BDF − B 2 H = 0.

(E.23b)

From the real part of Eq. (E.23a) we get either ω = 0 or
ω 2 = A2 + 2AC + 2DF + 2BH + B 2 .

(E.24)

Choosing the solution ω = 0 and solving Eq. (E.23b) with respect to A

A 2EF − 2CH − AH − 2βDF − β 2 AH = 0.

(E.25)
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Thus A = 0 or
A=

2EF − 2CH − 2βDF
.
(1 + β 2 )H

(E.26)

Because of k 2 ∼ A, the equation will have no real solution for k only if A < 0. Which implies
the stability of the condensate (see Section 3.3). Since β and H are both positive, the condition
comes down to
EF − CH − βDF < 0.

(E.27)

Coming back to physical quantities
gR n0R R|ψ0 |2 − gC |ψ0 |2 (γR + R|ψ0 |2 ) − β

i~ 0
RnR R|ψ0 |2 < 0.
2

(E.28)

Substituting Eqs. (E.3) and (E.4), one can find the condition for P/Pth
P
=
Pth



gR
~Rβ
−
gC
2gC



γC
.
γR

(E.29)
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Magnetic polarons in a nonequilibrium polariton condensate
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We consider a condensate of exciton polaritons in a diluted magnetic semiconductor microcavity. Such a
system may exhibit magnetic self-trapping in the case of sufficiently strong coupling between polaritons and
magnetic ions embedded in the semiconductor. We investigate the effect of the nonequilibrium nature of exciton
polaritons on the physics of the resulting self-trapped magnetic polarons. We find that multiple polarons can
exist at the same time, and we derive a critical condition for self-trapping that is different from the one predicted
previously in the equilibrium case. Using the Bogoliubov–de Gennes approximation, we calculate the excitation
spectrum and provide a physical explanation in terms of the effective magnetic attraction between polaritons,
mediated by the ion subsystem.
DOI: 10.1103/PhysRevB.96.115310

I. INTRODUCTION

Exciton polaritons are versatile quantum quasiparticles that
exist in semiconductor systems, in which the exciton-photon
coupling overcomes the effects of decoherence [1]. This socalled strong-coupling regime is characterized by the appearance of new branches of excitations with mixed light-matter
characteristics. In semiconductor microcavities, polaritonic
modes possess an effective mass orders of magnitude smaller
than the electron mass, which allows for the observation of
bosonic condensation even at room temperature [2–4]. This led
to the observation of phenomena such as superfluidity [5,6],
Josephson oscillations [7,8], quantum vortices [9–11], and
solitons [12–14]. The applications of polaritonic condensates
that are considered currently include low threshold lasers
[15], all-optical logic [16–18], quantum simulators [19,20]
and few-photon sources [21].
Recently, exciton polaritons in semimagnetic (or diluted
magnetic) semiconductor materials attracted increasing interest. In these materials, the response to magnetic field is
enhanced by orders of magnitude due to the coupling of exciton
spin to the spin of magnetic ions diluted in the semiconductor
medium [22–26]. Recent progress in sample fabrication led
to the observation of polariton lasing, or condensation, in a
high-quality semimagnetic microcavity [27]. Importantly, and
in contrast to standard semiconductor materials, the Zeeman
energy splitting between polarized polariton lines can be very
well resolved spectrally even at moderate magnetic fields
[26,28]. This allows us to observe a number of qualitatively
new physical phenomena. In particular, exciton polaritons
have been proposed as a promising platform for topological
quantum states in photonic lattices [29–34]. Unidirectional
transport in topological states can be realized by breaking timereversal symmetry. In the polariton context, this is possible
thanks to the exciton sensitivity to the magnetic field [34].
One of the most fundamental phenomena predicted in
condensates of semimagnetic polaritons is magnetic selftrapping [35], or the formation of magnetic polarons [36]. It
was predicted that when the ion-exciton coupling is strong
enough, and at low enough temperature, self-trapping can
occur, which leads to condensation in real space and the
breakdown of superfluidity [35]. However, this theoretical
prediction was entirely based on the equilibrium model, in
2469-9950/2017/96(11)/115310(7)

which condensation in the ground state of a system without
dissipation was assumed. While an equilibrium condition in
polariton condensates has been realized very recently in stateof-the-art GaAs microcavity samples [37], it is not satisfied in
the majority of microcavities, and in particular Cd1−x Mnx Te
systems, which possess strong magnetic properties. It is therefore important to investigate the effect of the nonequilibrium
nature of polariton condensates on the existence and properties
of magnetic polarons.
In this paper, we investigate in detail magnetic self-trapping
in polariton condensates while fully taking into account the
nonequilibrium physics of the system. At the same time, we
assume that the magnetic ion subsystem is fully thermalized,
as evidenced in experiments [26]. We find that in the nonequilibrium case, multiple magnetic polarons can be formed at the
same time, in contrast to previous findings [35]. We investigate both the case of homogeneous pumping with periodic
boundary conditions, and a more realistic case of Gaussian
pumping. Moreover, we find that the critical condition for
self-trapping differs from the one predicted in equilibrium,
as the polariton temperature cannot be defined. We obtain
diagrams of stability as a function of the ion-polariton
coupling, temperature, and magnetic field. Additionally, we
use the Bogoliubov–de Gennes approximation to examine the
stability of a uniform condensate against self-trapping. We
derive an analytic formula for the stability threshold, which,
surprisingly, does not depend on the spin relaxation time of
the magnetic ions. These results are confirmed numerically
and explained by the effective nonlinearity in the model. The
self-trapping is directly connected to the effective magnetic
attraction between polaritons, induced by the coupling to the
ion subsystem.

II. MODEL

We consider an exciton-polariton condensate in a twodimensional semimagnetic semiconductor microcavity. The
cavity contains quantum wells that are composed of a diluted
magnetic semiconductor (such as Cd1−x Mnx Te) with incorporated magnetic ions, a setup that has been realized recently
[26,27]. We consider a specific case of a two-dimensional
cavity where polaritons are confined in a one-dimensional
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geometry by a microwire or line defect [38,39]. In this work,
we will assume that the condensate is fully spin-polarized.
This can be achieved experimentally by the combined effect
of a circularly polarized pump, and the influence of an external
magnetic field in the direction perpendicular to the quantum
well, which suppresses an exciton spin-flip. We also neglect the
effects of TE-TM splitting, which could lead to the precession
of polariton spins in an effective magnetic field [40].
In the case of tight transverse confinement, the evolution
of the condensate can be described by the complex GinzburgLandau equation (CGLE) coupled to the equation describing
spin relaxation of magnetic ions [41],
i h̄

∂ψ
h̄2 ∂ 2 ψ
+ gC |ψ|2 ψ − γNL |ψ|2 ψ − λMψ
=− ∗
∂t
2m ∂x 2
1
(1)
+ iP (x)ψ − i γL ψ,
2
M(x,t) − M(x,t)
∂M(x,t)
=
,
(2)
∂t
τM

where gC is the polariton interaction constant, γL and γNL
are linear and nonlinear loss coefficients, respectively, λ is
the magnetic ion-polariton coupling constant, τM is the spin
relaxation time of magnetic ions, and P (x) is the spacedependent external pumping rate. We note that the nonlinear coefficients have been rescaled in the one-dimensional
(1D) case and are related
√ to their 2D counterparts through
1D
2D
(gC1D ,γNL
) = (gC2D ,γNL
)/ 2π d 2 , where d is the length scale
of the transverse confinement. Here, we assumed a Gaussian
transverse profile of |ψ|2 of width d. In the case of a
one-dimensional microwire [38], the profile width d is of
the order of the microwire thickness. We emphasize that the
pumping and loss terms in Eq. (1) were absent in the previous
study of magnetic self-trapping [35].
The equilibrium ion magnetization in the dilute regime is
given by the Brillouin function [42]


gM μB J Beff
,
(3)
M(x,t) = nM gM μB J BJ
kB T
where nM and gM are the 1D concentration and g-factor
of magnetic ions with total spin J = 5/2, μB is the Bohr
magneton, T is the ion subsystem temperature, and Beff is an
effective magnetic field that consists of an external magnetic
field B0 and a contribution from the interaction with the
polarized condensate,
Beff = B0 + 12 λ|ψ|2 = B0 + λSz ,

(4)

where Sz is the polariton 1/2-pseudospin density. Here,
because of the assumption of full condensate polarization, Sz
is simply equal to half of the polariton density n = |ψ|2 /2.
The coupling constant λ can be estimated as [35]
λ=

βex X2
,
μB gM Lz

(5)

where βex is the ion-exciton exchange interaction constant, X
is the excitonic Hopfield coefficient, and Lz is the width of the
quantum well.
We consider two cases of space dependence of the pumping
profile P (x), i.e., homogeneous and Gaussian pumping. In the

FIG. 1. Evolution of the norm |ψ|2 of the condensate wave
function. Upper plots show the case of uniform pumping; bottom
plots show the case of Gaussian pumping. Left-hand plots show
stable cases when λ < λC ; right-hand plots show unstable cases
in which polarons are formed. Parameters: γL = 0 meV in (a),(b);
γL = 6.582 × 10−2 meV in (c),(d); λ = 7.125 × 10−12 T m in (a),(c);
λ = 8.125 × 10−12 T m in (b); λ = 9.5 × 10−12 T m in (d). Others
parameters are given in [43].

case of uniform pumping, the effective pumping is simply the
difference of pumping and linear loss terms, Peff = P − γL .
In the Gaussian pumping case, we assume


x2
P (x) = P1 exp − 2 ,
(6)
2σp
where σp corresponds to the spatial width of the pump beam.
III. NUMERICAL RESULTS

It was demonstrated [35] that when the coupling between
the polariton and magnetic subsystems is strong enough,
self-trapping can occur due to the magnetic polaron effect
[36,41]. The critical condition for self-trapping was given
under the assumption of thermal equilibrium in the system.
We note, however, that in the majority of current experiments,
thermal equilibrium is not achieved. In contrast, condensation
of exciton polaritons often takes place in far-from-equilibrium
conditions, where it is driven by the system kinetics without
a well-defined temperature of the polariton subsystem. It is
therefore important to investigate what the influence is of
the nonequilibrium character of polariton condensation on the
magnetic polaron effect.
Before analyzing the precise conditions for self-trapping,
we demonstrate examples of typical behavior of the system.
In Fig. 1, we show examples of dynamics obtained from
Eqs. (1) and (2) under both uniform and Gaussian pumping
and at B = 0. The numerical space window was set to be
x ∈ (−100 μm,100 μm) with periodic boundary conditions,
and the parameters correspond to a Cd1−x Mnx Te sample with
a few percent concentration of Mn ions. In the case of Gaussian
pumping, absorbing boundary conditions were implemented
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at the edges of the numerical grid. In all cases, the initial
state was given by a homogeneous state (n = |ψ0 |2 ) close to
the stationary state of model equations, perturbed by a small
white Gaussian noise.
Figures 1(a) and 1(b) correspond to the case of homogeneous pumping. At a lower value of the ion-exciton coupling
constant λ, the homogeneous state given by the stationary
condition n = P0 /γNL is stable, as shown in Fig. 1(a).
However, when the coupling constant becomes higher than
a certain threshold λc , the formation of localized polarons can
be observed in Fig. 1(b). The polarons are almost stationary
and surrounded by areas of very low polariton density. Some
temporal oscillations of polaron widths can be seen. Polarons
are characterized by both high polariton density and ion
magnetization (not shown), which evidences the interaction
between these subsystems.
In the case of a Gaussian pumping profile, below the critical
threshold for self-trapping, a condensate is formed in the area
covered by the pumping beam. As shown Fig. 1(c), it may also
exhibit oscillations that are, however, not related to the polaron
effect. Crossing the threshold λc leads to a dramatic reduction
of the spatial size of the condensate, as shown in Fig. 1(d), in
agreement with results obtained in [35].
The above examples are generic and correspond to dynamics occurring generally at various values of model parameters.
Therefore, we conclude that the polaron self-trapping effect
can be observed in a nonequilibrium condensate, although
in contrast to a previous study [35], we find that multiple
polarons can exist in the system at the same time, both in the
case of homogeneous and Gaussian pumping. We investigated
the parameter space of the model in a systematic way to
determine the conditions for self-trapping in a nonequilibrium
system. The phase diagram in the space of the coupling
constant and the relaxation time for homogeneous pumping
is shown in Fig. 2. Results of numerical simulations of model
equations are indicated by crosses (stable condensate) and
circles (self-trapping). Additionally, we show the results of
Bogoliubov–de Gennes analysis of stability of the uniform
state (see Sec. IV for details), which are given by the color
scale. Clearly there is a very good agreement between the
analytical predictions and the results of numerical simulations.
One can observe that the coupling constant λ is the most
important parameter that determines the stability, and τM
only has an influence on the instability rate of the steady
state, which corresponds to the time necessary for the
formation of polarons. Interestingly, there exist two regions
of stability for low and high values of λ. The upper region
corresponds to the saturation of the magnetic response due
to the shape of the Brillouin function. As will be shown
below, the effective nonlinearity depends on the first derivative
of BJ .
Figure 3 contains phase diagrams (according to the BdG
stability analysis) in the space of the ion temperature T and
ion-polariton coupling λ, at (a) zero magnetic field and (b) a
magnetic field of 1 T. Note that (a) suggests that in the case of a
low coupling constant, very low temperatures are necessary to
observe the polaron effect. However, this dependence becomes
less pronounced for higher values of λ. The main effect of the
magnetic field exists at small temperatures, where the uniform
condensate becomes stable for all values of λ.

FIG. 2. Diagram of stability shown in coordinates of the ionpolariton coupling constant λ and the spin relaxation time of magnetic
ions τ . Stability limits were calculated analytically (see Sec. IV). The
color scale represents the instability rate according to the Bogoliubov–
de Gennes approximation; cyan shows that the system is stable (it
is symbolically expressed by “0” on the logarithmic scale); circles
correspond to unstable states as predicted by the simulation of Eqs. (1)
and (2); crosses correspond to stable states.

Finally, we note that the degree of circular polarization
of the condensate depends, among other parameters, on the
temperature and magnetic field, due to the existence of spin-flip
processes. For this reason, in particular in the B = 0 case, the
condensate can become polarized elliptically or linearly at low
temperatures, which will lead to the modification of the phase
diagram shown in Fig. 3(a).
IV. STABILITY ANALYSIS

In this section, we apply the Bogoliubov–de Gennes
approximation in the case of uniform pumping to find an analytical condition of stability of a stationary state. We postulate
that the emergence of magnetic polarons corresponds to the
instability threshold for the uniform state. Indeed, we find a
full analogy of the effective nonlinearity emerging from the
model Eqs. (1) and (2) in the fast relaxation rate regime to the
Gross-Pitaevskii equation with attractive nonlinearity. In terms
of this correspondence, polarons can be identified as bright
solitons emerging from an unstable uniform background [44].
For the sake of clarity of the derivation, we now introduce a dimensionless form of the model. Equations (1)
and (2) can be transformed by rescaling time, space, wavefunction amplitude, and system parameters as t = α t˜, x =
ξ x̃, ψ = (ξβ)−1/2 ψ̃, gC = h̄ξβα −1 g˜C , Peff = h̄α −1 P̃ , γNL =
h̄ξβα −1 γNL
˜ , M = ζ M̃, and λ = h̄α −1 λ̃ to obtain the dimensionless form (hereafter we omit the tildes)
i
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∂ 2ψ
∂ψ
= − 2 + gC |ψ|2 ψ + iP ψ − iγNL |ψ|2 ψ − ζ λMψ
∂t
∂x
(7)
α
∂M
=
[J BJ (δλ|ψ|2 ) − M],
∂t
τM

(8)
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term, and comparing parts with eikx and e−ikx , respectively. It
can be rewritten as the following eigenvalue problem:
⎛ ⎞
⎛ ⎞
u
d ⎝ u∗ ⎠
v
i
= Q⎝v ∗ ⎠,
(11)
dt w
w
where the matrix Q is given by
⎞
−iEn + gC n
−ζ λn1/2
k 2 − iEn + gC n
−k 2 − iEn − gC n ζ λn1/2 ⎠.
Q = ⎝ −iEn − gC n
α

1/2
i τ δλn J BJ (δλn) i ατ δλn1/2 J BJ (δλn) −i ατ
⎛

(12)
The numerical solution of the above eigenvalue problem in
parameter space is shown in Figs. 2 and 3 in a color scale, which
corresponds to the most unstable mode (highest imaginary
part of the eigenfrequency) of the system (11). Parameters
with stable evolution (all eigenvalues with a zero or negative
imaginary part) are depicted by a cyan color.
Additionally, it is possible to derive an exact analytical
condition for the stability of the system. The procedure is
analogous to the one described in [46] and consists of the
analysis of the zero-frequency crossing of the imaginary
part of the eigenfrequency as a function of momentum k.
The existence of the crossing indicates that momenta with
eigenfrequencies with both positive and negative imaginary
parts exist on two sides of the crossing. The eigenvalue
problem of Eq. (12) leads to the equation for ω(k),


ω3 + i(Y + 2R)ω2 − ωB2 + 2Y R ω = iY ωB2 − 2Gk 2 ,
(13)
where ωB , Y , R, and G are defined by

FIG. 3. Diagrams of stability shown in coordinates of the ionpolariton coupling constant λ and temperature T . (a) The case without
magnetic field; (b) the case with a magnetic field of B = 1 T. Color
code and parameters are the same as in Fig. 2 and the spin relaxation
time is τ = 10−12 s.

√
M μB J h̄
where ξ = h̄α/2m∗ , ζ = gM μB nM , δ = g2k
, and α,β
B T αβξ
are free parameters.
Fluctuation around the stationary homogeneous solution
ψ0 (x,t) = n1/2 e−iμt , M0 (x,t) = J BJ (δλ|ψ0 |2 ) can be written
in the plane-wave basis [45] (note that n = P /γNL )



ψ(x,t) = n1/2 e−iμt 1 + 
{uk (t)eikx + vk (t)e−ikx } ,

ωB2 = k 4 + 2k 2 gC n,
Y =

(9)


[wk (t)eikx + wk∗ (t)e−ikx ],

(10)

k

where  is a small perturbation parameter.
The linearized solution is obtained by taking  up to the first
order, expanding the Brillouin function about ψ0 up to the first

(15)

We can analyze the solutions in the limits k → ∞ and k → 0.
In the k → ∞ limit, there are three branches: ω ≈ −iY, ±
k 2 − iR, and all have negative imaginary parts. In the k → 0
limit, there are two solutions with negative imaginary parts
and one equal to zero: ω1 (0) = 0, ω2 (0) = −iY , and ω3 (0) =
−2iR. Only the ω1 branch can cross the zero-frequency
axis and have a positive imaginary part in some range of k.
The crossing points can be found by putting Im(ω) = 0 and
Re(ω) =  into Eq. (13), which have to be satisfied at the
same time,

k

M(x,t) = M0 + 

α
, R = En, G = ζ δλ2 J BJ (δλn)n.
τ

(14)



 2 − ωB2 + 2Y R = 0,

(16)

(Y + 2R) − Y ωB2 + 2Y Gk 2 = 0.

(17)

For physical parameters, Eqs.(16) and (17) are realized only if
 = 0. That leads to the equation for k,
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k 4 + 2k 2 gC n + 2Gk 2 = 0,
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and the analytical condition for stability, which expressed in
physical units reads


gM μB
2gC kB T
.
(19)
λ2 BJ
λnJ <
2 2 2
2kB T
nM gM
μB J
With respect to λ, the inequality (19) is not satisfied in the
interval λc1 < λ < λc2 , as can be seen in Fig. 2. Remarkably,
the critical values of λ do not depend on the spin relaxation
time τ . This conclusion is fully supported by the numerical
simulations as shown in Fig. 2. In this figure, the color scale
shows the calculated largest eigenvalue of the unstable branch,
κ = max(Im ω1 (k)). Parameters for which Im ω1 (k) is always
nonpositive are marked by a cyan color.
A. Adiabatic regime

As is shown in Fig. 2, if the ion spin relaxation time τ is
shorter than 10−14 s, the instability rate no longer depends on
the value of τ . In this adiabatic regime, the fast spin relaxation
approximation can be applied, which corresponds to setting
the time derivative on the left-hand side of Eq. (8) to zero.
In this limit, we have M(x,t) = M(x,t) = J BJ (δλ|ψ|2 ),
which gives
i

∂ 2ψ
∂ψ
= − 2 + [gC |ψ|2 − ζ λM(x,t)]ψ
∂t
∂x
− i(γNL |ψ|2 − P )ψ.

(20)

A simple and intuitive interpretation of the instability can be
obtained if the Brillouin function is expanded up to first order
around the stationary value of |ψ0 |2 ,
M(x,t) = J BJ (δλ|ψ|2 )
≈ J BJ (δλ|ψ0 |2 ) + J δλ(|ψ|2 − |ψ0 |2 )BJ (δλ|ψ0 |2 ),
(21)
which leads to the standard form of the complex GinzburgLandau equation (or dissipative Gross-Pitaevskii equation),
i

∂ 2ψ
∂ψ
= − 2 + [(gC − ζ λ2 δBJ )|ψ|2 − ζ λU0 ]ψ
∂t
∂x
(22)
− i(γNL |ψ|2 − P )ψ,

where U0 = J BJ (δλ|ψ0 |2 ) − J δλ|ψ0 |2 BJ (δλ|ψ0 |2 ) and
the notation BJ = BJ (δλ|ψ0 |2 ) was used. The above form
corresponds to the complex Ginzburg-Landau equation with
effective nonlinearity,
geff = gC − J ζ λ2 δBJ ,

(23)

which becomes attractive exactly at the threshold given by
Eq. (19) when expressed in physical units. In other words,
the instability threshold that marks the formation of polarons
corresponds to the Benjamin-Feir-Newell criterion of stability
of the CGLE equation [47].
B. Quasiparticle spectrum

Figure 4 shows the imaginary part of the excitation
spectrum of the uniformly pumped condensate. Figure 4(a)
is an example of weak instability in the case of a long ion spin
relaxation rate, which corresponds to circles in the green area

FIG. 4. Imaginary parts of the frequencies of Bogoliubov quasiparticles. The ion-polariton coupling constant λ is 10−11 T m. (a)
A typical excitation spectrum; spin relaxation time τ = 10−10 s.
The unstable branch exhibits a positive imaginary part. (b) Large
instability rate at τ = 2.5 × 10−14 s.

in Fig. 2. The spectrum contains three branches, of which one
(blue line) is unstable at a certain wave-vector range, which is
indicated by the positive imaginary part of the frequency. We
note that the spectrum in this regime is strikingly similar to the
one predicted in the case of a nonmagnetic condensate in the
presence of a reservoir [45,48]. The similarity indicates that
the magnetic ions play in some sense the role of a reservoir in
this system.
On the other hand, in the case of a short spin relaxation time,
the spectrum becomes qualitatively different, as indicated in
Fig. 4(b). These parameters correspond to circles in the orange
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area of Fig. 2. While one of the branches is also unstable, it
is strongly peaked at high momenta. Moreover, the instability
rate, defined as the maximum value of the imaginary part of
the frequency, is much higher than in the previous case. This
indicates clearly that the relaxation time determines the time
scale of the instability, as demonstrated in Fig. 2. The lower
branch (red line) has been pushed down to very low imaginary
frequencies, which is characteristic of a strongly damped
mode. This damped mode is the one that corresponds to the
excitation of magnetization, which is strongly suppressed in
the adiabatic regime.
V. CONCLUSIONS

In conclusion, we investigated a spin-polarized condensate
of exciton polaritons in a diluted magnetic semiconductor
microcavity. In contrast to previous works, we included
nonequilibrium effects of driving and decay in our model,
which led to several interesting effects. We found that multiple
polarons can exist at the same time, and we connected the instability of the homogeneous state in the Bogoliubov–de Gennes
approximation to the formation of polarons. We derived a
critical condition for self-trapping that is different from the
one predicted previously in the equilibrium case. The effect has
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Spontaneous formation of spin lattices in semimagnetic exciton-polariton condensates
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An exciton-polariton microcavity that incorporates magnetic ions can exhibit spontaneous self-trapping
phenomenon which is an analog of the classical polaron effect. We investigate in detail the full model of a
polariton condensate that includes pumping and losses, the spin degree of freedom, external magnetic field,
and energy relaxation. In the quasi-one-dimensional case, we show that the polaron effect can give rise to a
spontaneous lattice of perfectly arranged polarization domains in an antiferromagnetic configuration. We find
that partial polarization of the condensate at moderate magnetic field strengths facilitates formation of such
“polaron lattices,” which are qualitatively different from self-trapped polarons that appear in a fully polarized
condensate. Within Bogoliubov–de Gennes approximation, we calculate an instability condition which marks
the appearance of patterns. Surprisingly, we find that the stability condition displays a discontinuity at the point
of partial-full polarization threshold.
DOI: 10.1103/PhysRevB.98.195303

I. INTRODUCTION

Diluted magnetic (also known as semimagnetic) semiconductors are characterized by exchange interaction between
spins of magnetic ions and carriers, which leads to phenomena
such as the giant Zeeman effect [1–5]. Magnetic polarons are
spin-organized bound states formed due to this interaction.
This concept was first proposed by de Gennes in 1960 [6]
and thoroughly investigated both theoretically and experimentally in semimagnetic semiconductors [7–13] in the cases of
impurity-bound and free (self-trapped) polarons.
In microcavity semiconductor structures, exciton-polariton
quasiparticles exist when exciton-photon coupling is strong
enough [14–16]. These light-matter quasiparticles can Bose
condense even at room temperature due their effective mass
which is many orders of magnitude smaller than the electron
mass [17–19]. Furthermore, exciton-polariton condensates allowed for the observation of some fascinating phenomena,
from superfluid excitations [20–26] to solitons [27–29]. Several possible applications have been put forward as well, ranging from low threshold lasers [30,31], to all-optical transistors
[32–34], to quantum simulation [35,36].
In semimagnetic polariton systems, it was demonstrated
theoretically that self-trapping phenomenon can occur for
realistic system parameters thanks to the strong exciton-ion
interaction and polariton coherence in a condensed state.
Existence of self-trapped “polariton-polarons” was theoretically predicted both in the equilibrium case [37] and in the
nonequilibrium case which includes the effect of pumping and
losses [38]. Note that a qualitatively different, nonmagnetic
collective polaron effect was observed in an exciton-polariton
system [29] due to interaction with lattice phonons [39].
In this paper we investigate magnetic self-trapping in a
semimagnetic polariton condensate taking into account both
the spin degree of freedom, pumping and losses, and energy
relaxation. We consider a Cd1−x Mnx Te microcavity that has
been recently realized experimentally [5,40,41]. In our model,
2469-9950/2018/98(19)/195303(8)

the magnetic ion subsystem is fully thermalized, but the
polariton subsystem is far from thermal equilibrium, as suggested by experiments [5,42]. Nevertheless, we find that in the
phase diagram of the system the inverse of polariton relaxation
rate plays the role of the effective polariton temperature.
We show that the system spontaneously forms intricate
spin structures even at relatively low magnetic field strength.
We find that spontaneous spin lattices are formed with sideby-side antiferromagnetic arrangement of spin domains. At
higher magnetic fields or when the ion-exciton interaction
is stronger, the system develops more typical polariton selftrapping similar to the previously considered spin-polarized
case [37,38]. Using the Bogoliubov–de Gennes method, we
calculate an analytical condition for stability of the system
and compare it with numerical results. Interestingly, we find a
jump of the stability threshold when entering a spin-polarized
state, which is due to the lack of partially spin-polarized
excitations in this case. Our results should pave the way for the
first direct observation of magnetic self-trapping and pattern
formation in a semiconductor system.
II. MODEL

We take into consideration a two-dimensional cavity with
a microwire that confines the condensate in one dimension
[43,44]. In the mean-field approximation, exciton-polaritons
can be described with coupled one-dimensional complex
Ginzburg-Landau equations for macroscopic wave functions
[37,38]
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∂ψσ
∂t
h̄2 ∂ 2 ψσ
=− ∗
+ g1 |ψσ |2 ψσ + g2 |ψ−σ |2 ψσ
2m ∂x 2
1
+ iP ψσ − i γL ψσ − iγNL |ψσ |2 ψσ − σ λMψσ ,
2

i(1 + i)h̄

(1)
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where (1 + i) is a term that corresponds to energy relaxation
with the energy dissipation factor  [45]. This term introduces
not only relaxation of kinetic energy, but also relaxation in
the spin space between two polarizations σ = σ+ , σ− . The
g1 and g2 coefficients are constants of interaction between
same and oppositely polarized spins, P is the external uniform
pumping, m∗ is the effective mass, and γL , γNL are linear and
nonlinear loss coefficients. The last term corresponds to the
influence of diluted magnetic ions. This effective additional
potential depends on spin σ , magnetic ion-polariton interaction constant λ, and the mean-field ion magnetization M (x, t ).
Note that in our simple model, we do not take into account the
exciton reservoir as a separate degree of freedom. Such an
assumption is justified in the limit of adiabatic approximation
to the reservoir dynamics [46,47].
Magnetic ion dynamics can be described by the spin relaxation equation [48]
∂M (x, t )
M (x, t ) − M (x, t )
=
,
∂t
τM

(2)

with a characteristic ion spin relaxation time τM . Here
M (x, t ) is the equilibrium value of magnetization given by
the Brillouin function [49]


gM μB J Beff
,
(3)
M (x, t ) = nM gM μB J BJ
kB T
where

FIG. 1. Pseudospin-polarization degree of a homogeneous condensate shown in coordinates of the magnetic field B and the inverse
of energy relaxation 1/ at 0.1 K temperature. Black and blue lines
are theoretical boundaries of full polarization (Sz = N/2) in the
weak and strong magnetic field limit, respectively. The dependence
of polarization degree on 1/ allows us to interpret it as an effective
nonequilibrium “temperature.”

M (0) (x, t ) = M.

(9)





2J +1
1
1
2J +1
BJ (x) =
coth
x −
coth
x , (4)
2J
2J
2J
2J

After substituting Eqs. (7) and (8) into (1), from the real and
imaginary part of the equation we obtain the conditions

and nM is the concentration of ions, gM is the g factor, J =
5/2 is the total spin of a Mn ion, μB is the Bohr magneton, T is
the temperature of the ion subsystem, and kB is the Boltzmann
constant. The magnetic field felt by the ions is effectively
increased by the spin polarization of the condensate

Peff − n+ γNL − (n+ g1 + n− g2 − λM ) = 0,

(10)

Peff − n− γNL − (n− g1 + n+ g2 + λM ) = 0,

(11)

Beff = B + λSZ ,

(5)

where B is the external magnetic field. The pseudospin
density SZ is given by 21 (|ψ+ |2 − |ψ− |2 ) and polariton-ion
coupling constant λ is given by the ion-exciton exchange
interaction βEX , the excitonic Hopfield coefficient X, and the
width of the quantum well LZ [37],
λ=

βEX X2
.
μB gM LZ

(6)

We neglect the effect of intrinsic exciton Zeeman splitting
that is unnoticeable at weak fields [5,50] and TE-TM splitting
which could cause polariton spin precession [51], but can be
avoided by an appropriate sample design.
III. HOMOGENEOUS SOLUTIONS

We begin the analysis of the system by considering stationary homogeneous states in the absence of self-trapping. The
stationary solutions can be described with the density nσ and
the chemical potential μσ of each component
ψ+(0) (x, t ) =
ψ−(0) (x, t ) =

√
√

n+ e−iμ+ t/h̄ ,

(7)

n− e−iμ− t/h̄ ,

(8)

where the effective pumping Peff = P − 21 γL . Clearly the
terms in the parentheses correspond to modification of losses
due to relaxation, proportional to the potential for a given spin
component.
Equations (10) and (11) together with Eq. (3) allow us
to find numerical densities n+ , n− and magnetization M. In
Fig. 1 we show the polariton pseudospin polarization degree
as a function of the magnetic field B and the inverse of the energy relaxation 1/. The results were obtained by simulating
system evolution without the kinetic energy term until a stable
state was reached, for each point in the figure. The computed
mean value of the polarization degree, i.e., 2SZ /N, where
N = |ψ+ |2 + |ψ− |2 , is shown for the final steady states. We
also depict in Fig. 1 the analytically predicted boundaries of
full polarization of steady states in the limit of weak and
strong magnetic field, marked with lines. In the weak magnetic field limit, the Brillouin function can be linearized and
in the strong magnetic field limit, the value of magnetization
saturates, so in both cases the equations become solvable. The
details of the calculation are given in Appendix A.
We note that the phase diagram depicted in Fig. 1 resembles the one that was obtained in the case of thermal
equilibrium [37] provided that the temperature is replaced
with the inverse of the relaxation rate 1/. Hence, one can
argue that 1/ plays the role of an effective temperature of the
polariton subsystem. Similar conclusions were obtained previously in several works discussing this analogy in the context
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of nonequilibrium condensates [52–55]. This analogy can be
explained intuitively: for large relaxation rates , as compared
to the polariton lifetime, the system is expected to be close
to the polariton ground state, which is the condensate state
within the equilibrium theory. With decreasing temperature
(or increasing relaxation rate) the ions and polaritons are more
likely to align in the direction of the external magnetic field,
which translates to a larger polarization degree.

IV. INSTABILITY AND POLARON FORMATION

We now investigate the stability of homogeneous states and
demonstrate the formation of polarons and polaron lattices in
the unstable regime. We take into account the spin degree of
freedom, in contrast to previous studies where self-trapped
polarons were fully polarized [37,38]. The self-trapping effect
was shown to occur far from the thermal equilibrium [38] due
to ion-exciton interaction, which induces an effective attractive interaction between polaritons. Within this interpretation,
self-trapped polarons can be considered as bright solitons in
analogy to the conservative nonlinear Schrödinger equation
systems [57].
Here we show that in the case when the condensate is
not fully polarized, the system can develop coherent spatial
structures that are qualitatively different from such “bright
soliton” polarons. They take the form of “polaron lattices,”
which are perfectly aligned domains of condensate polarization in an antiferromagnetic configuration, see Fig. 2(a). The
phase difference between the polarons in the lattice appears
to be random (not shown) thus we do not investigate the role
of phase fluctuation in the system with respect to formation
of long-range order. Formation of these structures appears to
be triggered by phase separation between spin-up and spindown components, as follows from the analysis within the
Bogoliubov approximation, described in detail in Sec. V. For
comparison, in Fig. 2(b) we show the bright soliton polaron
structures that appear when the condensate is completely spin
polarized. Clearly the arrangement of polarons in this case
is less regular, and they differ in width and amplitude. They
may also experience complicated dynamics, in contrast to the
stable lattice structures from Fig. 2(a). The dynamics of such
structures was described in our previous work [38].
In Figs. 2(c)–2(f) we depict the typical dynamics of the
system described by Eqs. (1) and (2) in the case corresponding
to Fig. 2(a). The initial state is a stationary state as in Eqs. (7)
and (8) disturbed by a small white noise. The creation of
polaron lattice appears to follow the same path as in the case of
polarized polarons [38], however with an important difference
that the final state is of perfectly aligned and equal amplitude
peaks. The mean distance between peaks is inversely proportional to the most unstable k mode, i.e., momentum that
correspond to the maximum value of the imaginary part of
the Bogoliubov dispersion relation obtained by linearization
around the homogeneous solutions given in Eqs. (7)–(9) (see
Sec. V). The total density, depicted in Fig. 2(c), is only
slightly varying. On the other hand, the polarization degree in
Fig. 2(d) is strongly modulated due to the antiferromagnetic
configuration of domains. Importantly, such an alternating
spin structure can be the factor that will allow us to distinguish

FIG. 2. (a) Example of the densities of the σ+ and σ− components and the total density |ψ|2 = |ψ+ |2 + |ψ− |2 in a “polaron
lattice” state with alternating spin-up and spin-down domains.
(b) The same for a fully polarized case, a set of localized polarons is
visible. (c)–(f) Evolution of the exciton-polariton condensate leading
to the formation of lattice from (a). Shown are (c) total density |ψ|2 ,
(d) normalized pseudospin SZ /|ψ|2 , (e) density of the σ+ component,
and (f) density of the σ− component. Parameters of the simulation are
given in [56].

self-localized polaron lattices from density fluctuations that
are simply trapped in a defect of the sample.
The crucial parameter for the emergence of polarons is the
ion-polariton coupling that should be within an appropriate
range. Weak coupling will not lead to a sufficiently strong
ion mediated interaction effect, while too strong coupling
leads to the saturation of the Brillouin function. Figures 3
and 4 present the stability diagrams of the homogeneous
state computed using the Bogoliubov–de Gennes method (see
Sec. V) and verified numerically by solving Eqs. (1) and (2).
Although the polaron lattice is a stable solution we cannot
exclude that there may occur other instabilities. The figures
are depicted in a parameter space of ion-polariton coupling λ
vs temperature T and energy relaxation factor , respectively.
The color scale illustrates the instability rate: cyan color
shows that the system is stable (it is marked as an additional
zero on the logarithmic scale), other colors represents unstable
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FIG. 3. Diagram of stability in coordinates of the ion-polariton
coupling constant λ and temperature T . Red line corresponds to the
boundary between fully and partially spin-polarized condensate as
predicted by the homogeneous state analysis. Polaritons are partially
polarized on the left-hand side and fully on the right-hand side. The
regions marked as A (in particular the dot point) and B (in particular
the cross point) correspond to the states shown in Figs. 2(a) and 2(b),
respectively. Magnetic field B = 0.01 T and relaxation  = 0.001.

states where κ is defined as the largest value of the imaginary
part of the Bogiubov eigenfrequency (see Sec. V). Note that
homogeneous states are partially polarized on the left side
of the red line and fully polarized on the right side. The
change of the states at the red line bound is continuous and
thus there are no bistabilities. Hence, the red line shows the
boundary between partially and fully spin-polarized condensate, although for the inhomogeneous polaron states the limit
is slightly different than the analytical one depicted by the
line. One can observe that there is a noncontinuous shift of
stability threshold when crossing the red line. While this shift
may seem tiny, one should take into account that the figures
are plotted on a logarithmic scale. The shift of the stability

√
threshold is actually quite substantial (about a factor of 2 on
the λ axis) and it is discussed in detail in Sec. V.
Note that in Fig. 3 at very low temperatures the condensate
is stable for all values of λ. As we previously demonstrated
[38], the range of such stable temperatures increases with the
external magnetic field strength. According to Fig. 3 stability
depends strongly on the temperature while in Fig. 4, for
partially polarized condensate (left of the red line), stability
does not depend on  (see also Sec. V). Hence, with regard to
stability, the temperature of the ion subsystem appears to be
more important than the effective nonequilibrium temperature
of the polariton subsystem. This is understandable as the
response given by the Brillouin function depends explicitly on
the ion temperature only. The crosses and dots in Fig. 4 mark
the analytical predictions of the stability boundary in the case
of fully and partially polarized condensate, according to the
Eqs. (16) and (17), which agree very well with the numerical
results.
V. STABILITY ANALYSIS

We perform analysis of stability of the condensate within
the Bogoliubov–de Gennes approximation. For convenience,
we introduce a dimensionless form of the model. By rescaling
space, time, wave function, and other parameters as x =
˜ , Peff =
ξ x̃, t = α t˜, ψσ = (ξβ )−1/2 ψ˜σ , g(1,2) = h̄ξβα −1 g(1,2)
h̄α −1 P̃eff , γNL = h̄ξβα −1 γNL
˜ , M = ζ M̃, λ = h̄α −1 λ̃, we
obtain (we omit tildes below)
i(1 + i)

∂ 2 ψσ
∂ψσ
=−
+ g1 |ψσ |2 ψσ + g2 |ψ−σ |2 ψσ
∂t
∂x 2
+ iPeff ψσ − iγNL |ψσ |2 ψσ − σ ζ λMψσ ,
(12)

α
∂M
=
{J BJ [δλ(|ψ+ |2 − |ψ− |2 )] − M},
∂t
τM

(13)

√
M μB J h̄
where ξ = h̄α/2m∗ , ζ = gM μB nM , δ = g2k
, while α,
B T αβξ
β are free parameters of the scaling.
As we previously demonstrated [38], the appearance of the
polarons is related to the instability of the homogeneous stationary state. To analyze the stability we perturb the stationary
solution [58] (7)–(9)


ikx
−ikx
{uk (t )e + vk (t )e
} ,
1+


ψ+ =
ψ− =

ψ+(0)



k



k

ψ−(0)

M=M

(0)



ikx
−ikx
{rk (t )e + sk (t )e
} ,
1+
1+




{wk (t )e

ikx

+

wk∗ (t )e−ikx }

,

(14)

k

FIG. 4. Same as Fig. 3, but in coordinates of the ion-polariton
coupling constant λ and energy relaxation factor . Crosses and
dots mark the theoretical predictions of stability threshold for fully
and partially polarized condensate, Eqs. (17) and (16), respectively.
Magnetic field B = 0.01 T and temperature T = 0.1 K.

where  is a small parameter. Substituting Eqs. (14) into
Eqs. (1) and (2) and then taking  up to the first order and expanding Brillouin function up to the first order
term we obtain the usual eigenvalue problem Qk Uk = ωk Uk ,
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where Uk = (uk , vk∗ , rk , sk∗ , wk )T and
⎛ 2
(k + n+ g˜1 )˜
⎜ −n+ g˜1 ∗ ˜ ∗
⎜
˜
Qk = ⎜
⎜ n+ g2  ∗
⎝ −n+ g2 ˜
i α̃n+ δλB̃J

n+ g˜1 ˜
2
−(k + n+ g˜1 ∗ )˜ ∗
n+ g2 ˜
−n+ g2 ˜ ∗
i α̃n+ δλB̃J

PHYSICAL REVIEW B 98, 195303 (2018)

n− g2 ˜
−n− g2 ˜ ∗
(k 2 + n− g˜1 )˜
−n− g˜1 ∗ ˜ ∗
−i α̃n− δλB̃J

where g˜1 = g1 − iγNL , ˜ = (1 + i)−1 , α̃ = α/τM , B̃J =
BJ /J BJ , and BJ = BJ [δλ(n+ − n− )]. Figures 3 and 4 show
the numerical solution of this eigenvalue problem in parameter space. Stable configurations, for which all ωk have a
negative imaginary part, are marked with cyan color, while
unstable ones with color that represents the fastest rate of the
instability (the largest imaginary part of ωk ).
Using the method of analysis of zeros of the corresponding
polynomial [59], we calculate analytically the stability condition (see Appendix B)


(g1 − g2 )kB T
2  gM μB
J λ(n+ − n− ) <
(16)
λ BJ
2 2 2
2kB T
nM gM
μB J
and compare it with the analogous condition in the fully
polarized case [38]


2g1 kB T
2  gM μB
J λn+ <
.
(17)
λ BJ
2 2 2
2kB T
nM gM
μB J
Notice the factor of 2 in the nominator on the right-hand side
of the above equation. These conditions do not depend on the
energy relaxation , the fact that is reproduced in Fig. 4, and
weakly depend on the polariton density. Note that condition
(16) is valid in the case when (g1 + g2) > 0, which is always
satisfied in polariton condensates.
The discontinuity of the stability threshold in Figs. 3 and 4
is caused by the transition from the polarized to nonpolarized
regime and the reduction of the number of degrees of freedom
for the excitations. Indeed, in the fully polarized case, the
stability threshold is given by Eq. (17) while in the partially
polarized case a stronger condition Eq. (16) should be taken

n− g2 ˜
−n− g2 ˜ ∗
n− g˜1 ˜
2
−(k + n− g˜1 ∗ )˜ ∗
−i α̃n− δλB̃J

⎞
−J BJ λζ ˜
J BJ λζ ˜ ∗ ⎟
⎟
J BJ λζ ˜ ⎟
⎟,
−J BJ λζ ˜ ∗ ⎠
−i α̃

(15)

into account. As a result, the system becomes unstable at
weaker coupling λ. The ratio of the critical values of the
ion-polariton coupling constants in the two cases (λF for fully
and λP for partially polarized) can be estimated as
λF
2g1
=
λP
g1 − g2

(18)

in the limit of small λ when the derivative of the Brillouin
function is roughly constant. As in the realistic system the
intercomponent interaction constant g2 is much smaller than
intracomponent
interaction constant g1 , this leads to a roughly
√
2 jump of the stability threshold. Physically, this reduced
threshold for stability is related exactly to the appearance of
a new inhomogeneous state of polaron lattice in the partially
spin-polarized regime. In Appendix C we show, in the adiabatic regime, the physical origin of this conditions.A plot
of imaginary parts of eigenfrequencies of the Bogoliubov
quasiparticles is shown in Fig. 5. It corresponds to the simulated evolution presented in Fig. 2(a). In contrast to the full
polarized case [38], the spectrum has five branches instead
of three. Two additional branches (green and black lines in
Fig. 5) appear in the partially polarized case, therefore they
correspond to counterpolarized polaritons. The red branch has
values above zero, which evidences dynamical instability of
the condensate.

VI. CONCLUSIONS

In conclusion, we investigated a partially polarized
exciton-polariton condensate in a semimagnetic semiconductor microcavity. In a system which is far from equilibrium,
we demonstrated several regimes of dynamics. We observed
numerically stable solutions, polaron lattice formation with
antiferromagnetic arrangement, and spin-polarized polaron
regime. The lattice regime is particularly significant for experiments, since it can be distinguished in a straightforward
way from density fluctuations trapped on defects of the semiconductor microcavity. We derived a critical condition for
the formation of polarons which is different from the one
predicted in the fully polarized case.
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APPENDIX A: HOMOGENEOUS STATIONARY STATES
IN THE WEAK AND STRONG MAGNETIC FIELD LIMITS

Eq. (10),
1
1
Peff γNL − [ζ λJ γNL − Peff (g1 − g2 )]
2

− ζ λJ (g1 + g2 ) = 0.

In this Appendix we calculate the partial-full polarization
boundary in the limits of weak and strong magnetic field. In
the weak field limit the Brillouin function can be linearized:

The positive solution for 1/ does not depend on B0 ,

M = J BJ [δλ(n+ − n− ) + 2δB0 ]
≈ c δλ(n+ − n− ) + 2c δB0 ,

(A1)

where c = J (J + 1)/3. From the condition for the twocomponent stationary state, Eqs. (10) and (11), we can estimate the value of n+ at the full-partial polarization boundary
by substituting n− = 0,
n+ =

2Peff
.
g1 + g2 + γNL

(A2)

1
ζ λJ γNL − Peff (g1 − g2 )
=

2Peff γNL

[ζ λJ γNL −Peff (g1 −g2 )]2 +4Peff γNL ζ λJ (g1 +g2 )
+
2Peff γNL
(A7)
and for g2  g1 can be estimated as
1
ζ λJ
.
=

Peff

By substituting M and n+ into Eq. (10) we get a quadratic
equation for ,
1
1
α − (β + γ B0 ) − εB0 = 0,
2


(A5)

We can obtain the equation for 1/ by putting M, n+ into

Determining condition (16) consists of solving the eigenvalue problem Qk Uk = ωk Uk with Bogoliubov matrix (15)
det Lk = det(Qk − 1ω) = 0.

k 2 = (n+ + n− )(BJ ζ δλ2 − g1 ) ±







(n+ + n− )2 (BJ ζ δλ2 − g1 )2 − 4n+ n− g12 − g22 − 2BJ δλ2 ζ g1 + g2 .

Condensate is stable only if there is no zero crossing of Im(ω)
as a function of k, for k 2 > 0. This is the case when the righthand side of Eq. (B3) is less then zero. Otherwise, a range of k
with positive imaginary part must exist. It is easy to check that
the expression under the square root on the right-hand side of
(B3) is always positive. Considering the solution with the plus
sign leads to the condition
BJ λ2 <

g1 − g2
.
2δζ

(B4)

In the adiabatic approximation we assume that the spin
relaxation time τM is much shorter than other timescales in

(B2)

(B3)

the system, and consequently M = M. By expanding the
Brillouin function up to the first order around the stationary
value BJ (δλ n) where n = n+ −n− , we get
M (x, t ) = J BJ [δλ(|ψ+ |2 −|ψ− |2 )]
≈ M0 + J δλ(|ψ+ |2 −|ψ− |2 )BJ ,

(C1)

where we used the notation M0 = J BJ −J δλ nBJ , BJ =
BJ (δλ n). Substituting Eq. (C1) to the dimensionless form
of the complex Ginzburg-Landau equation Eq. (12) leads to

This condition is more restrictive than BJ ζ δλ2 < g1 derived
for the fully polarized case, which is due to the presence of n−
component. The above formula is rewritten in physical units
in (16).
APPENDIX C: ADIABATIC APPROXIMATION

(B1)

Analyzing the solutions in the limits k → 0 and k → ∞
reveals two (in the case of partial polarization) or three (full
polarization) solutions of Im(ω) = 0 at k = 0 and five negative solutions in k → ∞ limit. It turns out that analogously to
[38,59] only the purely imaginary branch may have positive
imaginary part of the frequency (the red branch in Fig. 5).
Similar as in [38,59], we find the zero-frequency crossing of
Im(ω) as a function of k. Since Re(det Lk ) = 0 we consider
the ω1 = 0 solution and substitute it into Im(det Lk ) to obtain




k 8 + 2k 6 (n+ + n− )(g1 − BJ δλ2 ζ ) + 4k 4 n+ n− g12 − g22 − 2BJ δλ2 ζ (g1 + g2 ) = 0.
Apart from k = 0 solutions we get

(A8)

APPENDIX B: BOGOLIUBOV ANALYSIS

(A3)

where α = Peff γNL , β = Peff (2ζ λ2 δc − g1 + g2 ), γ =
2ζ λδcγNL , ε = 2ζ λδc(g1 + g2 ). Note that α, γ , and ε
are positive. The appropriate solution is given by

β + γ B0
1
(β + γ B0 )2 + 4αεB0
=
+
.
(A4)

2α
2α
When the magnetic field is strong, the magnetization is saturated and the Brillouin function attains the maximum value of
unity
M = J BJ [δλ(n+ − n− ) + 2δB0 ] = J.

(A6)

i(1 + i)

∂ψσ
∂ 2 ψσ
=−
+ (g1 − βBJ )|ψσ |2 ψσ
∂t
∂x 2
+ (g2 + βBJ )|ψ−σ |2 ψσ + i(Peff
− γNL |ψσ |2 )ψσ − σ ζ λM0 ψσ ,

(C2)

where β = J ζ λ2 δ.
We now investigate the stability of the stationary state in
the limit of low kinetic energies by a method alternative to the
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Bogoliubov approximation. The effective potential for the σ
component is
Uσ = (g1 − βBJ )nσ + (g2 + βBJ )n−σ − σ ζ λM0 .

(C3)

We consider slight local changes of densities n+ and n−
assuming that the value of the derivative of the Brillouin
function remains approximately the same. Our question is
whether such local fluctuations will have the tendency to
grow in time or if they will decay. We consider slow, almost
stationary dynamics so assume that the chemical potentials
remain practically unchanged
0 ≈ (g1 − βBJ )n+ + (g2 + βBJ )n− ,

creates an effectively attractive potential which leads to
further density growth, leading to instability. Combining
Eqs. (C3) and (C4) we obtain
U
= (g1 − βBJ ) − (g1 − βBJ ) > 0,
n+

(C6)

which leads to the stability condition in the fully polarized
case βBJ < g1 that is equal, in physical units, to Eq. (17). On
the other hand, from Eqs. (C3) and (C5) we get
U
(g2 + βBJ )2
= (g1 − βBJ ) −
> 0,
n+
g1 − βBJ

(C7)

which leads to the condition
(C4)

(g1 − g2 − 2βBJ )(g1 + g2 ) > 0.

(C5)

We inspect how the change of n+ affects the potential U+ .
The positive value of U+ /n+ corresponds to a stable
condensate since the polariton effective mass is positive. Negative value of U+ /n+ means that the density fluctuation

Since in a polariton gas we have g1 + g2 > 0, the condition
for stability is
g1 − g2
βBJ <
,
(C9)
2
which corresponds to (16) in physical units.
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